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Abstract 



Qh This is an introduction to theories where the Higgs is a composite Nambu- 



Goldstone boson of a new strongly-interacting dynamics not much above the 

weak scale. A general discussion is presented based on the pattern of global 

I symmetries at low energy, and the analogy with the QCD pion is analyzed. The 

J> last part of the lectures shows how a composite Higgs can emerge as the hologram 

^^ of a 5-dimensional gauge field. 
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1 Introduction 

More than a century of experimental results and theoretical progress has led us to the 
formulation of an extremely elegant and compact theory of the fundamental interac- 
tions among particles. Its success in reproducing a huge amount of experimental data, 
spanning several orders of magnitude in energy, is impressive. Despite their profoundly 
different manifestations on macroscopic scales, the electromagnetic, weak and strong 
forces are all described within the same mathematical framework of gauge theories. 
The electromagnetic and weak interactions are associated to the same SU{2)l x f/(l)y 
gauge invariance at short distances, although only electromagnetism is experienced as 
a long-range force. The rest of the electroweak symmetry is hidden at large distances 
or low energies, i.e. it is spontaneously broken by the vacuum. As a matter of fact, 
despite the abundance of experimental information, we do not know much about the 
dynamics responsible for such spontaneous breaking. 

The Standard Model (SM) of particle physics gives an extremely economical for- 
mulation of the electroweak symmetry breaking (EWSB) in terms of only one new 
fundamental degree of freedom: the Higgs boson. It does not explain, however, the dy- 
namical origin of the symmetry breaking, nor why the Higgs boson should be light, as 
required to comply with the LEP data. An old and still attractive idea is that the Higgs 
boson might be a bound state of a new strongly-interacting dynamics not much above 
the weak scale. Its being composite would solve the SM hierarchy problem, as quan- 
tum corrections to its mass are now saturated at the compositeness scale. Significant 
theoretical progress on the construction of these theories has recently come from the 
intriguing connection between gravity in higher-dimensional curved spacetimes and 
strongly-coupled gauge theories. Fully realistic models have been built where some 
longstanding problems of the original constructions are solved. 

These lectures are aimed to give an introduction to composite Higgs theories. We 
start in Section [2] by recalling why new dynamics is expected to emerge at the TeV scale 
in the electroweak sector. We then present the two paradigms for such new dynamics: 
the weakly-interacting Higgs model, and strongly-coupled Technicolor theories. The 
idea of the Higgs as a composite pseudo Nambu-Goldstone (pNG) boson is introduced 
in Section |3| as an interpolation between these two scenarios. We illustrate one explicit 
example of symmetry breaking pattern, SO{b) — )■ S'0(4), and make use of symmetry 
arguments to derive the expression of the Higgs potential in terms of form factors. The 
same approach is then followed to describe the electromagnetic potential of the pion in 
QCD, and the analogy with the composite Higgs is analyzed in detail. The constraints 
from electroweak precision tests and from flavor- changing neutral currents (FCNC) 
are then discussed at length, and the concept of partial compositeness introduced. 
Section |4] shows how a composite pNG boson can emerge as the fifth component of 
a gauge field living in a 5-dimensional spacetime. The basic features of this kind of 
theories are illustrated by means of a simple abelian model in a flat extra dimension. 
We discuss how the bulk of the fifth dimension gives a model of the 4-dimensional strong 



dynamics which is perturbative and thus calculable. As an important application we 
compute the form factors that parametrize the couplings of the composite Higgs and 
obtain an analytic expression for its potential. We conclude with a few words on the 
phenomenology of composite Higgs models. 

In selecting the above topics I had necessarily to omit some other important ones, 
as for example warped extra dimensional models and holography in curved spacetimes, 
and Little Higgs theories. Fortunately excellent reviews exist on these subjects, such 
as for example the Les Houches lectures by T. Gherghetta on holography [I] and the 
review by M. Schmaltz and D. Tucker-Smith on Little Higgs models [2]. The lectures 
by R. Sundrum [s] at TASI 2004 and the review |4] by M. Serone partly overlap 
with Section |4] and contain interesting complementary topics and discussions. General 
introductions to flat and warped extra dimensions are given for example in the parallel 
TASI lectures by H. C. Cheng ^ and T. Gherghetta, the TASI lectures by C. Csaki [6], 
G. Kribs [T], and the Cargese lectures by R. Rattazzi [8]. Extra dimensional models 
as theories of electroweak symmetry breaking are for example discussed in the TASI 
lectures by C. Csaki, J Hubisz and P. Meade [9]. More detailed references are given 
throughout the text. They are meant to introduce the reader to the vast literature on 
the subject and form a necessarily incomplete and partial list. I apologize in advance 
for the omissions. 



2 Two paradigms for Electroweak Symmetry Breaking 

The vast amount of data collected so far in high-energy experiments can be explained 
and compactly summarized by the Lagrangian 

*- •'-'0 T l~'mass 
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+ h.c. , 

where \E' = {q\, u^^^, d^, /}^, e^, u}^} is a collective index for the Standard Model fermions 
and i,j are generation indices. A remarkable property of C is that while all the fun- 
damental interactions among the particles (determined by Cq) are symmetric under 
local SU{2)l X U{1)y transformations, the observed mass spectrum (determined by 
^mass) is not. In other words, the electroweak symmetry is hidden, i.e. spontaneously 
broken by the vacuum. Although successful at the energies explored so far, the above 
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Figure 1: Unitary circle: at energies below (above) the inelastic threshold the amplitude 
ai is constrained to lie on (inside) the circle. 



mathematical formulation leads to an inconsistency if extrapolated to arbitrarily high 
energies: when used in a perturbative expansion, it predicts scattering amplitudes that 
grow with the energy and violate the unitarity bound. The latter prescribes that the 
elastic scattering amplitude ai of each l-th partial wave must satisfy 



lm{ai) 



\ai\'^ + 
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(2) 



where af^ is the inelastic scattering amplitude. This means that at energies below the 
inelastic threshold ai is constrained to lie on the unitary circle Re^(a;) + (Im(a;) — 
1/2)^ = 1/4, while at higher energies it is bounded to be inside it, see Fig. [1} Since at 
tree level the amplitude is real and an imaginary part only arises at the 1-loop level, 
perturbativity is lost when the imaginary and real part are of the same order, that is 
when the scattering phase is large, 5 ~ tt. 

It turns out that the violation of perturbative unitarity occurs in processes that 
involve longitudinally polarized vector bosons as external states. For example, at tree 
level the amplitude for the elastic scattering of two longitudinally polarized W's grows 
as E"^ at energies E ^ mw'- 
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Here s, t are the Mandelstam kinematic variables, and terms subleading in mw/ E 
have been dropped. Each longitudinal polarization brings one factor of E, since at 



large energies e^(p) = p'^ /mw + 0{my/ /E), so that each diagram naively grows as E^. 
When all the diagrams are summed, however, the leading E'^ term cancels out, and 
the amplitude grows as E"^. We will see shortly that this cancellation can be easily 
understood by performing the calculation in a renormalizable gauge. By projecting on 
partial wave amplitudes, 

1 /•+1 
az = -— / dcosO A{s,e)Pi{cose), (4) 

il-n J_i 

where Pi{x) are the Legendre polynomials {Pq{x) = 1, Pi (a;) = x, P2{x) = 3x^/2 — 1/2, 
etc.), one finds the following expression for the s-wave amplitude (/ = 0): 

aoiWlW^ ^ W^W^) ^^^,- (5) 

The loss of perturbative unitarity in the s-wave scattering thus occurs for [^ 

71 Ri 5 c::^ 2Re(ao) , i. e. for: ^/s ^ A = Atxv ~ 3 TeV . (6) 

The role of the longitudinally polarized vector bosons suggests that the inconsis- 
tency of the Lagrangian ([I]) is in the sector that breaks spontaneously the electroweak 
symmetry and gives mass to the vector bosons. The connection can be made explicit 
by introducing, as propagating degrees of freedom, the Nambu-Goldstone bosons x"' 
that correspond to the longitudinal polarizations of the W and Z bosons: 

S(x) = eM^a'^x\x)/v), D^T. = 8,11 - ig'^W^^T. + ig'T."^B^ . (7) 

In terms of the chiral field S, the mass terms can be rewritten as follows: q] 
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Crr^o.. = -Tr (D^S)^ (D^'S) 



^^^-iSS'^'- 



(9) 



The local SU{2)l x f/(l)y invariance is now manifest, since S transforms as 

Ul{x) = exp {ial{x)a''/2) Uy{x) = exp (my(x)aV2) , 

^A slightly stronger bound, y^ < ^ypiixv — 2.2 TeV, is obtained by including the effect of the 
channel W~^W~ — >■ ZZ, see Ref. 10 . Notice that sometimes the bound Re(a;) < 1/2 or |a;| < 1 is 
imposed, instead of 5 < tt. All are in fact acceptable as an estimates of the energy where perturbative 
unitarity is lost. The difference in the values of the cutoff A thus obtained can be interpreted as the 
theoretical uncertainty of the estimate. 

^For simplicity, from here on I will omit the lepton terms and concentrate on the quark sector. 



although it is non-hnearly reahzed on the x" fields: 



X"(x) -^ X [x, 
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In the unitary gauge, (S) 
of eq. ([I]) with 



1, the chiral Lagrangian p| reproduces the mass term 



P = 



M^ 



Ml cos2 01 
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This relation is consistent with the experimentally measured value to quite good ac- 
curacy. It follows as the consequence of a larger approximate invariance of (IS]) under 
SU{2)l X SU{2)r global transformations, 



S^[/iS4, 



(12) 



which is spontaneously broken to the diagonal subgroup SU{2)c by (S) = 1, and 
explicitly broken by (7' 7^ and A^- 7^ Af-. In the limit of vanishing g' the fields x"" 
transform as a triplet under the "custodial" SU{2)c, so that Mw = Mz- This equality 
is replaced by Eq.([II| at tree level for arbitrary values of g'. Further corrections 
proportional to g' and (A" — A'^) arise at the one-loop level and are small. In fact, the 
success of the tree-level prediction p = 1 a posteriori justifies the omission in the chiral 
Lagrangian ([8| of the additional term 



Tr pD^Sa^]' 



(13) 



that is invariant under the local SU{2)l x U{1)y but explicitly breaks the global 
SU{2)l X SU{2)r. In other words, the coefficient of such additional operator is exper- 
imentally constrained to be very small. 

The chiral Lagrangian (Is]) makes the origin of the violation of perturbative unitarity 
most transparent. Let us work in a renormalizable ^-gauge, with a gauge-fixing term 
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The Equivalence Theorem llllO states that at large energies the amplitude for the 



emission or absorption of a Goldstone field x becomes equal to the amplitude for the 
emission or absorption of a longitudinally-polarized vector boson: 
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In particular, the amplitude for the scattering of two longitudinal VT's becomes equal, 
at energies E ^ rnw, to the amplitude for the scattering of two Goldstone bosons. 
For the latter process there is only one diagram which contributes at leading order in 

E/mw- 



\{ Aix^X- -^ X^X') = \{s + t). (15) 

/ \ 

The growth of the amplitude with E'^ thus originates from the derivative interaction 
among four Goldstones contained in the kinetic term of S in Eq.([8]). Ultimately, the 
violation of perturbative unitarity can be traced back to the non-renormalizability of 
the Lagrangian (Is]). The merit of the chiral formulation is that of isolating the problem 
to the sector of the Lagrangian which leads to the mass terms for the vector bosons 
and the fermions. 

There are thus two possibilities: i) either new particles associated to new dynamics 
come in to restore unitarity before perturbativity is lost, or ii) the XX scattering grows 
strong until the interaction among four x's becomes non-perturbative. This latter pos- 
sibility must also be seen as the emergence of new physics, as the description of the 
theory changes, at the strong scale, in terms of new, more fundamental, degrees of 
freedom. These two paradigms for the electroweak symmetry breaking are well exem- 
phfied by the two theories that we will discuss in the next sections: the Higgs model, 
and Technicolor theories. Whatever mechanism Nature has chosen, it is generally true 
that 

There has to be some new symmetry-breaking dynamics acting as an ultraviolet 
completion of the electroweak chiral Lagrangian 



As required by the experimental evidence, such new dynamics must be (approximately) 
custodially symmetric, so as to prevent large corrections to the p parameter. The most 
important question then is the following: is this dynamics weak or strong ? 

2.1 The Higgs model 

The most economical example of new custodially-invariant dynamics is that of just one 
new scalar field h{x), singlet under SU{2)l x SU{2)r. Assuming that h is coupled to 
the SM gauge fields and fermions only via weak gauging and (proto)-Yukawa couplings, 
the most general EWSB Lagrangian has three free parameters a, 6, c|jat the quadratic 



■'in general c can be a matrix in flavor space. We wifl assume it is proportional to unity, so that 
no flavor-changing neutral current effects originate from the tree-level exchange of h. 



order in h 12 : 



^H =1 {d^hf + V{h) + ^Tr [(Z^^S)^ (D^S) 
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Here ^(/i) denotes the potential, including a mass term, for h. Each of these parame- 
ters controls the unitarization of a different sector of the theory. For a = 1 the exchange 
of the scalar unitarizes the XX ~^ XX scattering £J 
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s — a 



s — ra 
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Since we have introduced a new particle in the theory, we have to check that also the 
inelastic channels involving h are unitarized. The xX ~^ hh scattering (equivalent to 
WlWl — )■ hh at high energy), is perturbatively unitarized for b = a?: 




Ax*X-^hh)^±(l,-a^)+0(^§^ 



Finally, the xX ~^ i^i^ scattering (equivalent to W^Wl — )■ ipip at high energy) is unita- 
rized for ac = 1 



Hn the diagrams showed in present section, dashed and sohd hnes denote respectively the fields x 
and h, whereas solid lines with an arrow denote fermions. 
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Only for a = b = c = 1 the EWSB sector is weakly interacting (provided the scalar h 
is light), as for example a ^ 1 implies a strong WW -^ WW scattering with violation 
of perturbative unitarity at energies y/s ~ 47rf /a/I — a^, and similarly for the other 
channels. 

The point a = b = c=lm fact defines what I will call the "Higgs model" : Ch (with 
vanishing higher-order terms in h) can be rewritten in terms of the SU{2)l doublet 

if (x) = ^ e''^"^"^")/" f ° ,^ (17) 

y^ \v + h{x)J 

and gets the usual form of the Standard Model Higgs Lagrangian. In other words, x"" 
and h together form a linear representation of SU{2)l x SU{2)r. The unitarity of the 
model can be thus traced back to its renormalizability. In terms of the Higgs doublet 
H, the custodial invariance of the Lagrangian appears like an accidental symmetry: 
at the renormalizable level, all the {SU{2)l x f/(l)y)-invariant operators are functions 
of H'^H = Yli^h where Ui are the four real components parametrizing the complex 
doublet H. This implies that the theory is invariant under an S0{4) ~ SU{2)l x 



2 



SU{2)r invariance, broken down to 5*0(3) ~ SU{2)c in the vacuum (H'^H) = v 
under which the Ui components are rotated. 

The weakly-interacting Higgs model has two main virtues: it is theoretically at- 
tractive because of its calculability, and it is insofar phenomenologically successful, as 
it satisfies the LEP and SLD electroweak precision tests Il3j. Both calculability (which 
stems from perturbativity) and the success in passing the precision tests follow from 
the Higgs boson being light. It is however well known that an elementary light scalar, 
such as h, is unstable under radiative corrections: its mass receives quadratically diver- 
gent corrections, which makes a light Higgs scalar highly unnatural in absence of some 
symmetry protection. In this sense, the Higgs model should perhaps be regarded as 
a parametrization rather than a dynamical explanation of the electroweak symmetry 
breaking. 

2.2 Technicolor models 

The Higgs model is an extremely economical way to perturbatively unitarize the theory 
and parametrize the symmetry breaking, but we know that it is not the solution that 
Nature has chosen in another similar physical system: QCD. At low energy the con- 
densation of the color force dynamically breaks the SU{2)l x SU{2)r chiral symmetry 

10 



to its vectorial subgroup SU{2)v, the three pions vr" being the associated Nambu- 
Goldstone bosons. Their dynamics is described by a non-hnear sigma model analogous 
to the chiral Lagrangian ([8| for the x fields 



2 



f 



(9^S)t(9^S) , S(x)=exp(^or'^7r«(x)/^) 



where /^r = 92MeV is the pion decay constant. Consequently, the pion-pion scattering 
is affected by the same unitarity problems encountered in the WW scattering. In this 
case however, we know from experiment that there is no light scalar resonance playing 
the role of the Higgs boson h. Rather, a whole tower of heavier resonances is exchanged 
in pion-pion scattering at high energies, which eventually enforces unitarity. Experi- 
mentally, the most important contribution comes from the lightest vector resonance, 
the p meson (J = 1, J = 1) 



VWAAAA/ 



The new symmetry breaking dynamics is thus strongly interacting in this case, and 
its dual description in terms of more fundamental degrees of freedom is the quark 
Lagrangian. QCD can be considered as the prototype for strong symmetry breaking, 
and the study of its properties can shed light on the UV completion of the electroweak 
Lagrangian ([s]). 

It is interesting, for example, to discuss what happens to QCD and to the pions 
when one turns on the weak interactions, [j In the limit of vanishing quark masses 
(chiral limit), and before turning on the weak interactions, the pions are exact NG 
bosons associated to the global symmetry breaking SU{2)l x SU{2)r x U{1)b -^ 
SU{2)y X U{1)b, and are thus massless. The SU{2)l x U{1)y interactions gauge only 
part of the full global symmetry, and in this way they introduce an explicit breaking 
of the symmetry, see Fig. [2j In other words, the QCD vacuum breaks the electroweak 
invariance and the pions are eaten to give mass to the W and the Z. The surviving 
unbroken group is exactly the electromagnetic f/(l)em, with the electric charge given 
by Q = T| + T| + B 12. To see how the weak bosons get mass, let us consider for 
example the W propagator in the Landau gauge ^ = 0. As the result of the coupling of 
the W to the conserved weak current J^^ = QlI'^T^Ql {T^ = Ti±iT^), its propagator 
gets corrected from the QCD dynamics: 



^In the following we consider for simplicity QCD with two quark flavors, the generalization to the 
six-flavor case is trivial. 
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SU{2)l X (7(1) 




Figure 2: Cartoon of QCD with part of its chiral symmetry gauged by the weak interactions. 



'X/V \/\y = 'WWV + 



+ ^\/\// y^^ V/w + 



where 



G^u{q) 



g2-^2n(g2)/2 



{Pt)ij.u , {PT)iiu = Vf^u 



Qf^Qp 



i'n^f^uiq) 



rf^xe-^^-^(0|T(j;(x)J,-(0))|0) 



n,.(g) = (r/,. - ^ ) n(g^) . 



Q 



f) has a pole at g^ 
as a result of the symmetry breaking, due to the exchange of the pion: 



(19) 



(20) 



Then, a mass for the W arises if n^y(g^) has a pole at q^ = 0. The pole in fact exists 



(o|j;k-(p)) = ^^P, 



(21) 



^XAAAX- - " - AAAAy 

This implies that the W acquires a mass 

gfn 



W 



J n 

~2' 



29 MeV . 



Although this number is far from the experimental value, the above discussion shows 
that QCD is, at the qualitative level, a good example of electroweak symmetry breaking 
sector. This is even more true considering that the unbroken SU{2)y isospin invariance 
acts as a custodial symmetry so that p = 1 at tree level in the QCD vacuum. 
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SU{2)l X U{1)y 





Figure 3: Cartoon of a new Technicolor sector and QCD with part of their global symmetries 
gauged by the weak interactions. 



This suggests that the actual EWSB dynamics could be just a scaled-up version of 
QCD, with 

/^ — ^ F^ ~ w = 246 GeV . (22) 

In general, one can think of an SU{Ntc) "Technicolor" gauge group with a global 
SU{2)l X SU{2)r invariance broken down to SU{2)y at low energy due to confine- 
ment [14], see Fig. Isl A linear combination of the QCD pions and the new set of 
'technipions' is thus eaten to form the longitudinal polarizations of the W and the Z 



\Vl) = sin a \itqcd) + cos a \7Ttc) 



fl + Fl tana 



(23) 



while the orthogonal combination can be identified with the physical pion. Since /tt ^ 
Ftt ~ f , the longitudinal polarizations of the W and the Z will mostly come from the 
technipions, although it is true that they will have a small component of the QCD 
pions. In fact, this is true in general for any EWSB sector. Technicolor being just a 
specific example of symmetry breaking dynamics where the role of the x fields in the 
chiral Lagrangian ([s]) is played by the technipions. 

In order to derive the properties of the Technicolor sector, the large- A^ formalism 



developed in Refs. 15,16 is extremely useful. Here we just summarize the results that 



we will use and refer to Ref. 16 for the proof. Let us consider an SU{N) gauge theory, 
with a large number N of 'colors'. We know that QCD at A^ = 3 is a confining theory 
and we will assume that this behavior persists for A^ ^ 1. Under this assumption, the 
large- A^ theory has the following properties: 

1. At leading order in A^ the two-point function of a quark local bilinear operator 
J(x), like the scalar qq or the current q'j'^q, is given by an infinite exchange of 
one-meson states: 

J n 

9 ' 



{Ji<i)A-<i)) 



Jr 

g2- 



mt 



13 



where m„ is the mass of the n-th meson and /„ = (0| J|n) the amphtude for J to 
create it from the vacuum. This in turn imphes that: 

2. For large A^ the mesons are free, stable and non-interacting. Their number is 
infinite and their masses have a smooth large- iV limit. The mass of the lowest 
lying modes is of the order 

mp ~ Qpf^ , (24) 

where Qp denotes the coupling among mesons. 

3. Since the two-point function {J J) is of order A^/IGtt^, it follows that /„ scales 
like 

fn-^. (25) 

From the behavior of the n-point Green functions of J it follows that a local 
vertex with n mesons scales like ~ fl'p"^, where 

An , , 



Using the above results, the vectorial and axial conserved currents of the Technicolor 
sector can be written, for large Ntc-, in terms of an infinite sum over vectorial (p„) and 
axial (a„) resonances: 

(T{J(;(g)J^(-g)}) = (gV^ - ,V) E "^^ (27) 
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Here we have defined the amplitude for Jy to create a vectorial resonance with mo- 
mentum q and polarization e^ to be (0| Jy|p(y, e^)) = e'fm^pfp, and similarly for the 
axial current. Notice that the latter have the quantum numbers to create, in addition 
to spin-1 axial mesons, also the technipion. As a consequence, the two-point function 
(JaJa) has a pole at q^ = 0. At large Ntc the vector, axial and technipion decay 
constants scale like fp, fa, F.^ ~ ^fWjx;!^'^-, while all the masses are constants. In par- 
ticular, the mass of the lowest-lying vectorial resonance of the Technicolor sector, the 
'technirho', is expected to be of order 






^PTc ^ \h^ -r ^p ^ (29) 



where rup = 770 MeV is the mass of the QCD rho meson, f^^ = 92 MeV is the QCD 
pion decay constant and m.p^^, F^ are the corresponding Technicolor quantities. For 
example, for Ntc = 4 one has m^p^^ ~ 1.8 TeV. 
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The most attractive feature of Technicolor theories, and in general of theories with 
strong electroweak symmetry breaking, is that the hierarchy problem of the Higgs 
model is solved by dimensional transmutation: the electroweak scale v is generated 
dynamically as the scale at which the Technicolor coupling qtc grows strong in the 
infrared (/3o < 0): 

This is in complete analogy with the dynamical generation of the QCD scale from the 
Planck scale Mpi. On the other hand, the simplest Technicolor constructions, like the 
naive scaled-up version of QCD, lead to predictions in conflict with the experimental 
data. The two most serious problems are a parametrically too large correction to the 
Peskin-Takeuchi S parameter, and too fast flavor-changing neutral-current processes. 
Let us review both in turn. 



The Peskin-Takeuchi 5* parameter is defined as 17 

5 = -16vr^n3^(g2)|^,^„ (31) 

where the vacuum polarization of a W^j^ and an hypercharge boson i?^', Il^Biff)-, is 



defined according to eq.(20). The leading contribution to 5* from new heavy states can 



be parametrized in terms of the dimension-6 operator (see Refs. 18 19]) 

— Tr iT^'^W'^^ S B^^'T'^^ S"^] (32) 

where T"'^ = a°'/2 = T"^ are the generators of SU{2)l x SU{2)r. Since the Technicolor 
sector is strongly coupled, a perturbative calculation of the S parameter is not possible. 
However, one can estimate its size using Naive Dimensional Analysis (NDA) [20] : it will 
arise at the 1-loop level, thus carrying a factor A^tc/ISvt^, and it will be proportional 
to the number of technidoublets Nr,: 

W^^ /^ X B 

1^AAAA/ 




S NtcNd , ^ _ NtcNd 



IGtt IGvr^ vr 

A more sophisticated calculation that makes use of QCD data rescaled up to the EW 
scale gives a similar result ITTJ. From the estimate above one deduces that even minimal 
models (with Ntc and Nd small) tend to predict S* ~ 1. Such values are ruled out by 
the LEP data, which bound (assuming an optimal contribution to the T parameter) flS] 



5 < 0.3 @ 99% CL . (34) 
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Conversely, S < 0.3 requires rrip^^ > 3^eV^/ND, which is difficult to accommodate in 
Technicolor models given that the mass of the ffist vectorial resonance is tied to the 
EW scale v. 

The second important difficulty with simplest Technicolor models is the way in 
which quark masses are generated. So far we have not discussed how the quark sector 
feels the electroweak symmetry breaking. For this to occur, some interaction must 
exist between quarks and techniquarks. A simple solution is to assume that both the 
color group SU{3)c and the Technicolor SU{Ntc) are embedded in a larger Extended 
Technicolor (ETC) group, 

SU{Netc) 3 SU{3), X SU{Ntc) , 

which is assumed to be spontaneously broken at the scale Aetc 1211. The exchange 
of the broken ETC gauge bosons connects quarks with techniquarks and generates, at 
the scale Aetci four-fermion operators with two SM quarks and two technifermions: 



Vtc 




>2 



■■int 



9etc 
A 



2 



{.qq){i'Tc'^Tc) ■ (35) 



At the lower scale A-rc ~ Fj^ ~ t> the SU{Ntc) group condenses giving rise to the 
quark masses 



9 ETC lj,j,\ A / 



^. = ff^(V^Tc^Tc)~Arc -T^^ . (36) 

^^ETC V^ETC J 

In order to explain the large hierarchies in the quark masses it is thus clear that the 



"^TC 



generation of the four-fermion interactions (35) for different flavors cannot happen just 



at one single scale Aetc- Rather, one has to assume that different SM quark families 
are embedded into a single ETC multiplet and that SU{Netc) undergoes a cascade 
of breakings, thus generating several different scales. The ETC breaking scale relevant 
for any given quark flavor cannot be too large, otherwise the corresponding quark 



mass that follows from eq.(36) becomes too small. For example, if K^c — v one needs 
Ketc ~ 10 TeV in order to reproduce the s quark mass. 

The same exchange of ETC gauge fields that leads to the four-fermion operator 



(35), however, also generates operators with four SM fermions, {qqY / K\j.(j. Quite 
generically, these operators violate flavor and CP, since different SM flavors have to be 
embedded into the same ETC multiplet, and thus give rise to various FCNC processes. 
The bounds from KK and BB mixing and rare meson decays, for example, put very 
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Figure 4: Flow to an IR non-perturbative fixed point. 



stringent limits on the scale at which such operators can be generated: Aetc ^ 10^ TeV 
(10^ — lO'^TeV) from CP-violating (-conserving) processes 
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Thus, there is a tension 
between generating large enough quark masses and avoiding too fast FCNC processes. 
One mechanism that has been proposed to resolve this tension is that of Walking 
Technicolor 23 . It is based on the following general observation: if a term AC = 
XO{x) is generated in the Lagrangian at the scale A with dimension [0(a;)] = d, its 
contribution to physical amplitudes at the low-energy scale E goes like ~ A [E/AY'^. 
The energy factor is due to the classical running of the coupling A for d ^ 4, so that the 
higher the dimension of the operator O, the more suppressed its contribution at low 



energy. In writing the formula (36) for the quark masses we have implicitly assumed 



that the dimension of the four-fermion operator (35) is equal to its classical value 
[{qq){4'Tc4'Tc)] = 6, although quantum corrections due to the Technicolor interactions 
can change it. In general, the anomalous dimension 7 is small if the SU{Ntc) theory 
is asymptotically free above the scale Atc, so that the coupling gxcil^) quickly runs 
to small values for /i > Atc'- 



[(??)(V'Tc^rc)] = 6 + 7 7(/i) ~ 0{aTc) 



(37) 



However, it is possible that starting from high energies, Aetc ^ E ^ Atc, and flowing 
down to lower scales, the SU{Ntc) dynamics reaches a non-perturbative infrared fixed 
point, see Fig. |4} In that case the theory behaves like a conformal field theory down 
to energies E ~ Atc, at which it condenses and the conformal behavior is lost. In the 
conformal regime, any operator O is characterized by its scaling dimension d^, at the 
fixed point: 

[0]=4, (O(x)O(0))oc4r- (38) 



X 



Notice that rf* can significantly differ from its perturbative (classical) value, since 
the Technicolor coupling at the fixed point is large and its evolution above Atc is 
slow: it 'walks' towards the fixed-point value Qtc- Once applied to the operator 
O = {(l(l){i^Tci^Tc), the above argument shows that the formula for the quark masses 
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generalizes to 

/ Arc \ ^^^ 
m, ~ Atc y^^ • (39) 

Hence, if the anomalous dimension 7 is sizable and negative, the suppression in the 
quark masses can be reduced or, equivalently, Ketc can be larger. This ameliorates the 
FCNC problem, since no large anomalous dimension is generated by the SM color and 
weak interactions, so that the suppressing factor in front of the flavor-violating four- 
quark operators is still 1/A|j,^. However, naive arguments suggest that the smallest 
consistent value for the anomalous dimension is 7 = —1, so that the suppression in the 
quark masses can be ameliorated but not completely avoided. For example, a simple 
way to deduce the lower bound 7 > — 1 is the following 1241: Neglecting the contribution 
coming from SM interactions, 7 entirely arises from the anomalous dimension of the 
quark bilinear H = {^tc'4'tc)i which plays the role of the Higgs field in acquiring a 
vacuum expectation value and giving mass to the SM quarks. The unitarity bound 
on primary scalar operators of a conformal field theory requires 7 to be larger than 
—2, a value at which the dimension of H becomes equal to that of the corresponding 
free field. In the limit of large Ntc or 7 — )■ —2 the dimension of the SM scalar singlet 
WH is well approximated by twice the dimension of H: [WH] c^ 2[i7] = 6 + 27. 
Then, for 7 < — 1 the operator H^H becomes relevant and it will reintroduce the 
problem of UV instability that plagues the Higgs model. In particular, for 7 = —2 
the operator H^H has dimension 2 and its radiative correction will be quadratically 
divergent. The possibility is still open for a Walking Technicolor theory at small N^c 
where [H] is not too much above 1 (in order not to suppress the quark masses), while 



[H'^H] stays close to 4 (so that no hierarchy problem is present) 24 , although strong 



constraints have been derived on this scenario based on general properties of conformal 



field theories 25 , 26 



3 The Higgs as a composite Nambu-Goldstone boson 

There is an interesting variation of the strong symmetry breaking paradigm that in- 
terpolates between simple Technicolor theories and the Higgs model: a light Higgs 
boson could emerge as the bound state of a strongly interacting sector, rather than 
being an elementary field. A composite Higgs would solve the hierarchy problem of 
the Standard Model, as its mass is not sensitive to virtual effects above the compos- 
iteness scale, in the same way as the mass of the QCD pion does not receive Planckian 
corrections. Having a light Higgs in the spectrum, on the other hand, would allow the 
theory to satisfy the LEP electroweak precision tests more easily than in the case of 
simple Technicolor constructions. 

As first pointed out by Georgi and Kaplan in the eighties in a series of seminal 
papers, the composite Higgs boson can be naturally lighter than the other resonances 
if it emerges as the pseudo Nambu-Goldstone boson of an enlarged global symmetry 





Figure 5: Cartoon of a strongly interacting 
EWSB sector with global symmetry Q broken 
down to T-ii at low energy. The subgroup T-Lq C Q 
is gauged by external vector bosons. 



Figure 6: The pattern of symmetry 
breaking. 



of the strong dynamics 27 32 , see also 33 . Consider for example the general case 



in which the strongly interacting sector has a global symmetry Q dynamically broken 
to "Hi at the scale / (the analog of the pion decay constant /tt), and the subgroup 
"Ho C ^ is gauged by external vector bosons, see Fig. |5| The global symmetry breaking 
Q ^f Hi implies n = dim(^) — dim('Hi) Goldstone bosons, uq = dim(?^o) ~ dim('H) of 
which are eaten to give mass to as many vector bosons, so that Ti = Tii n Tio is the 
unbroken gauge group, see Fig. [6] The remaining n — rtQ are pseudo Nambu-Goldstone 
bosons. In this picture the SM fields, both gauge bosons and fermions, are assumed to 
be external to the strong sector, and in this sense we will refer to them as 'elementary', 
as opposed to the composite nature of the resonances of the strong dynamics. The 
SM gauge fields, in particular, are among the vector bosons associated to gauge group 
"Ho- For simplicity, in the following we will identify "Ho with the SM electroweak group, 
"Ho = GsM = SU{2)l X ?7(l)y, so that the SM vectors are the only elementary gauge 
fields coupled to the strong sector. 

In order to have a composite pNG Higgs boson one has to require two conditions: 

1. The SM electroweak group Gsm must be embeddable in the unbroken subgroup 
•Hi: 

^ — i- "Hi D Gsm 

2. Q /T-Li contains at least one SU{2)l doublet, to be identified with the Higgs dou- 
blet. 

If the above two conditions are realized, at tree level Gsm is unbroken and the Higgs 
doublet is one of the pNG bosons living on the coset Q/Tii. Its potential vanishes at 
tree level as a consequence of the non-linear Goldstone symmetry acting on it. On 
the other hand, the global symmetry Q is explicitly broken by the couplings of the SM 
fields to the strong sector, as they will be invariant under Gsm but not in general under 
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Q. Loops of SM fermions and gauge bosons thus generate a Higgs potential, which in 
turn can break the electroweak symmetry. In this context the electroweak scale v is 
dynamically determined and can be smaller than the sigma-model scale /, differently 
from Technicolor theories where no separation of scale exists. The ratio ^ = {v/ fY is 
determined by the orientation of Gsm with respect to % in the true vacuum (degree 
of misalignment), and sets the size of the parametric suppression in all corrections to 
the precision observables. By naive dimensional analysis, indeed, the mass scale of the 
resonances of the strong sector is nip ~ Qpf , with 1 < ^fp < 47r. The Higgs instead gets 
a much lighter mass at one-loop, m/j ~ Qsmv where qsm ^ 1 is a generic SM coupling. 
The limit / — )■ oo (^ — )■ 0) with fixed v is thus a decoupling limit where the Higgs stays 
light and all the other resonances become infinitely heavy. 

Let us explain in detail all the above points by considering an explicit example. 

3.1 An SO{^)/SO{A) example 

Let us consider the case in which the strongly interacting sector has a global symmetry 
g = S0{5) X U{l)x broken down to Hi = SO{A) x U{l)x |34||35|. Q In section g 



we will provide an explicit example of dynamics that leads to this pattern of global 
symmetries. As shown in the Appendix, 5*0(4) is isomorphic to (that is: it has the 
same Lie algebra of) SU{2)l x SU{2)r. The SM electroweak group SU{2)l x f/(l)y 
can be thus embedded into 50(4) x U{l)x ~ SU{2)l x SU{2)n x U{l)x, so that 
hypercharge is realized as F = T^^ + X. The coset 50(5)/50(4) implies four real NG 
bosons transforming as a fundamental of 5*0(4), or equivalently as a complex doublet 
H of SU(2)l. The doublet H is the composite Higgs. Under an SU{2)ii rotation it 
mixes with its conjugate H'^ = ia"^!!*, so that {H, H'^) transforms as a bidoublet (2, 2) 
representation of SU{2)l x SU{2)r. 

Let us derive the effective action that describes the composite Higgs and the SM 
elementary fields. As our final goal is to compute the Higgs potential generated at one- 
loop by the virtual exchange of SM fields, we will integrate out the strong dynamics 
encoding its effects into form factors and keep terms up to quadratic order in the SM 
fields. The four NG bosons living on the coset 50(5)/50(4) can be parametrized in 
terms of the linear field S, 

^, - ,, So = (0,0,0,0,1) 

S(a;) = Soe^^")/^ . ^ (40) 

Ii{x) = -iT''h%x)V2, 

where T"' are the 50 (5) 75*0 (4) generators. Using the basis of 5*0(5) generators given 
in the Appendix, one can easily compute the explicit expression of E in terms of its 
four real components h"": 

sm{h/f) 



E= Y {h\h',h^h\hcot{h/f)), h=y^ih^. (41) 



^For an analysis of the less minimal coset SO{6)/SO{5) see Ref. 36 . 
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The most general effective action for the SM gauge fields in the background of S can 
be derived just based on symmetries by using a trick: let us assume that the full 
50(5) X U{l)x global symmetry of the strong sector is gauged, so that the external 
gauge fields form a complete adjoint representation of 50(5) x U{l)x- Then, at the 
quadratic level and in momentum space, the most general (5*0(5) x f/(l)x)-invariant 
action has the form: 

^ = liPrr [n;f (g') X^X, + no(g') Tt{A^A,) + U,{q') SA^A.S*] . (42) 
Here X^ and A,, = A^T" + A^T^ are the U{l)x and 50(5) gauge bosons F) and 



ily 



Pt is the transverse projector defined by eq.(19). Since we want to derive omy the 
Higgs potential and not its derivative interactions, the field S has been treated as a 
classical background, with vanishing momentum. The form factors 11^, Ho,! encode 
the dynamics of the strong sector, including the effect of the fluctuations around the 
background E {i.e. the NG fields). A few useful properties of the form factors can be 
derived as follows. 

By expanding around the 50 (4)-preserving vacuum E = Sq, the effective action 



(42) can be rewritten as 



£ = hPrr [n^(9') X,X^ + n,(g2) A^At + U,iq') A^At] , (43) 



where 



n, = Ho , Ha = Ho + ^ (44) 

are the form factors associated respectively to the unbroken and broken generators. 
In the limit of large number of 'colors' N of the strong sector, they can be written in 



terms of an infinite sum of narrow resonances using the large-X results of section 2.2 



{PTm^iq') = {J^j:) = [qV - q'q") E .2 ['"2 (45) 



{PrrU^iq') = {r,Jl) = {q'v'' - q^q^) 



q^ — 771^ 

V^ fa-a J^ — — 

^-^ q2 — ml Q^ 2 

n-, ^ tin. -^ 



(46) 



We have used the fact that the current J^ has the correct quantum numbers to excite 
the NG bosons h°- from the vacuum. Thus, we deduce that at zero momentum Ho must 
vanish (and similarly H^), while Hi does not: 



no(o) = o = n^(o), ni(o) = /^ (47) 



^Here and in the following T"^ and T" denote respectively the unbroken (5*0(4)) and broken 
{SO{b)/SO{4)) generators. Among the S'0(4) generators, those of SU{2)l (S'C/(2)i?) wiU be denoted 

as T"^ (r°«). 
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At this point we turn back to the original action (42) and switch off the unphysical 
gauge fields keeping only those of SU(2)l x f/(l)y. By using eq.(41) we obtain: 

1 



^=^K-T 



(p^^A'^ 



n^(g^) + no(g^) + 



sm^(/^//) 
4 



ni(g^ 



Bf,B^ 



+ ln„(,^) + ?''^n,to 



2^ 1 j{"-Lj^aL 



(45 



+ 2sin\h/f) ni(g2) H^T^^YH At^B, 



where B^ is the hypercharge field and we defined 



H 



h 



H 



1 fh^ - iK^ 
h W-ih^ 



(49) 



This is the effective action for the SM gauge fields in the background of S that we were 
looking for. By expanding the form factors at momenta small compared to the mass 
scale of the strong resonances, q^ <^ m?^ one obtains an effective Lagrangian in terms of 
local operators. Without loss of generality, one can always perform an S0{4) rotation 
and align the Higgs vev along the h? direction, so that (/i^, h?, h^, h^) = (0, 0, 1, 0) and 
if* = (0, 1). Hence, at order g^ one has 



£ = (Pr)^" 



l^t^immyB,B.+w^^w^-2w^,B.) 

Psm\{h)/f) \ 



+ 



+ 



4 






(50) 



q' 



n[,(o) w^^-w:- + (n'o(o) + nf (o)) b,b. 



+ 



where 11' denotes the first derivative of 11 with respect to g^. From the above Lagrangian 
we can thus identify 



and 



V = f sin 



{h) 



1 

7/2 



-(n'o(o) + nf(o)) 



/ 



so that C, = 



P 



sm 



/ 



(51) 



(52) 



Notice that the formulas in eq.(51) show the contribution to the low-energy gauge 
couplings from the strong dynamics only. If one adds to the effective action (42) bare 
kinetic terms for the external SU{2)l x U{1)x fields, the expressions for g and g' will 
be modified to 



-n'o(o) + l. 



-l = -(n'o(o) + nf(o)) + -l. 
y i/o 



(53) 
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Starting from eq.(48) it is simple to derive the couplings of the physical Higgs boson 



to the gauge fields. By expanding around the vev (/i), 



/i"- 



/ \ 



{h) + h 

V / 



(54) 



one has 



h 
f sm - =/ 






(55) 



where, with a slight abuse of notation, h stands for yhFhP- on the left hand side, while 
it denotes the physical Higgs boson on the right hand side. Compared to their SM 
prediction, the couplings of the composite Higgs to the gauge bosons V = W, Z are 
thus modified as follows: 



9vvh — 9vvh 



SM ^ 



e: 



gvvhh - 9vvhhi^ - 20 



(56) 



If one compares with the effective Lagrangian for a generic scalar eq.(16), one finds 
that the S0{5)/S0{A) theory predicts 



yr^: 



2^ 



(57) 



Using the results of section [271] on the WW scattering, we deduce that both the WW — )■ 
WW and WW — )■ hh scattering amplitudes grow as ~ (E/v)'^^ at large energies, 
violating perturbative unitarity at a scale A ^ ^.-nvj ^/\. This is a factor a/^ larger 
than what we found for a theory with no Higgs. 

We see that the composite Higgs only partly unitarizes the scattering amphtudes, 
simply postponing the loss of perturbative unitarity to larger scales. In the limit ^ — ?■ 
(with V fixed) one recovers the standard Higgs model: the resonances of the strong 
sector become infinitely heavy and decouple, while the Higgs boson fully unitarizes the 
theory. For ^ — )■ 1, on the other hand, the Higgs contribution vanishes and unitarity 
in WW — !■ WW scattering is enforced solely by the strong resonances. Furthermore, 
f = V and there is no gap of scales in theory: in this limit the strong dynamics behaves 
quite similarly to a minimal Technicolor theory, although a light scalar exists in the 
spectrum. In the general case, for ^ small enough the strong resonances can be made 
sufficiently heavy and their correction to the electroweak observables sufficiently small 
to pass the LEP precision tests. We will illustrate this point in detail later on, in 
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Figure 7: 1-loop contribution of the SM gauge fields to the Higgs potential. A grey blob 
represents the strong dynamics encoded by the form factor Hi. 



section |3.3[ as we are now ready to derive the Coleman- Weinberg potential for the 
composite Higgs. 

We will concentrate on the contribution from the SU{2)l gauge fields, neglecting the 
smaller correction from hypercharge. The contribution from fermions will be derived 



in section |3.4[ The 1-loop Coleman- Weinberg potential resums the class of diagrams 

r the adc 



in Fig. [tI From the effective action (48), after the addition of the gauge-fixing term 

1 



C 



GF 



29'C 



(5^ 



it is easy to derive the Feynman rules for the gauge propagator and vertex: 



'WWWVW 



\ / 
\ / 

'VXAyTjVAAA/ 



G 



fJ,U 



iT 






(P^. 



-W 



T)fj.v 



C-^iP^ 



L) ixu 



fiv 



sm'{h/f){PT] 



fiu 



where {Pl)^iu = <in(lv/<f is the longitudinal projector. Resumming the series of 1-loop 
diagrams of Fig. [7|then leads to the potential: 



V{h) 



log 1 1 + 7 tt /^9n sm (V/) 



(27r 



4no(Q2 



(59) 



where Q^ = —q^ is the Euclidean momentum. The factor 9 originates from the sum 
over three Lorentz polarizations and three SU{2)l flavors. 

Let us argue on the behavior of the form factors at large Euclidean momentum and 
on the convergence of the integral. We have seen that IIo is related to the product of 
two 5*0(4) currents 

{j;iq)rA-q)) = Mq')iPT),u m 

where, we recall, the notation (O1O2) denotes the vacuum expectation of the time- 
ordered product of the operators Oi and 02- The form factor IIi, on the other hand, 
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is given by the difference (see eq.(44)) 

{j;{q)J:{-q)) - {j;{q)Jt{-q)) = -lMq'){PT),. . (6i) 

At energies much above the scale of symmetry breaking, the 5*0(5) invariance is re- 
stored, and the difference of two-point functions along broken and unbroken directions 
is expected to vanish. In this sense Hi is an order parameter: it is sensitive to the 
symmetry-breaking IR dynamics, and it vanishes at large momenta. If Hi goes to zero 



fast enough, the integral in eq.(59) will be convergent and the Higgs potential finite. 
This agrees with the intuition that if the Higgs is a bound state of the strong dynam- 
ics, then its mass cannot receive corrections larger than the compositeness scale. To 
support this intuition with a more rigorous argument, let us consider the Operator 
Product Expansion (OPE) of two currents. 

Following Wilson, the time-ordered product of two operators A{xi), B{x2) can be 
expressed as an infinite sum of local operators of increasing dimension multiplied by 
coefficients that depend on the separation (xi — X2): 

T{A(x)5(0)} = 5^ci?(x)O„(0). (62) 

n 

The equality is at the level of operators, thus implying the equality of any Green 
function made of them. The sum extends over all operators with the same global 
symmetries of the product AB. In particular, the OPE of the product of two conserved 
currents J^ reads, in momentum space: 

By dimensional analysis, the larger is the dimension of the operator On, the more 
suppressed is its coefficient at large Euclidean momenta Q^ = —q^: 

C("nQ')~g^ for Q large. (64) 

The convergence of the integral in the Higgs potential then requires that the first 
operator to contribute to the difference of the product of 5*0(4) and 50(5)/5*0(4) 
currents must have dimension 5 or greater: 

{j;{q)J:{-q)) - (Jtiqm-q)) = (?V - q,Qu) [c^'\q'){o,) + ...] (65) 

so that 

niW')~g^ ^>5 forg^^oo. (66) 



This makes use of the fact that Hq grows at least as Q at large momenta, see eq.(51) 
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Clearly, without knowing the details of the strong dynamics we cannot say more 



about the behavior of the form factors, nor can we prove that the condition (66) 
is satisfied in general. There is however a similar physical situation where we have 
enough experimental and theoretical information to reconstruct the OPE and deduce 
the convergence of the integral: this is the case of the electromagnetic correction to 
the pion mass. 

3.2 Comparing with QCD: the pion potential 

Let us consider QCD in the chiral limit, so that the pion is an exact NG boson at 
tree level, and turn on the electromagnetic interaction. Differently from the cartoon of 
Fig. |2| where the full SU{2)l x U{1)y symmetry was gauged, in this case the external 
U{l)em group can be embedded into the unbroken subgroup SU{2)v- This means 
that the pion is not eaten to form a massive photon, but remains in the spectrum as a 
pseudo NG boson. At the radiative level, diagrams with loops of the elementary photon 
will generate a potential and a mass term for the charged pion, while the neutral pion 
remains massless. This is in complete analogy to the composite Higgs theory considered 
in the previous section, although in the case of QCD we dispose of much more detailed 
information on the strong dynamics. Following the same steps as we did for the case 
of the composite Higgs, we can derive the effective action for the pion and compute its 
potential, q] 

In order to write down the effective action that describes the photon and the pion 



we use the same trick of section 3.1 and assume that the whole SU{2)l x SU{2)r chiral 



invariance of QCD is gauged by external fields. Treating the pion field E (see eq. ( 18 )) as 
a constant classical background, the most general {SU{2)l x S'[/(2)/j)-invariant action, 
in momentum space and at the quadratic order in the gauge fields, is 



^ = 1{Pt),u 



UL{q') Tr {L^L,} + n^(g2) Tr {R^R,} 
L (67) 

-n,.^,(g2)Tr{EtL^Si?4 . 

Here L^, R^j, are the external gauge fields associated respectively to SU{2)l and SU{2)r 
transformations. Since in the vacuum (E) = 1 the chiral SU{2)l x SU{2)ii symmetry 
is broken down to SU{2)v, it is useful to rewrite the left and right gauge fields in term 
of vectorial and axial ones: 

V,= ^iR, + L^), A^=^iR^-L,). (68) 



"Much of the material of this section is reviewed, for example, in Ref. 37 . See also the original 
papers 138; and p9|. 
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In the (S) = 1 vacuum the effective action thus reads 



C = ^{Pt)^u [nyv(g') Tr {V^K} + n^A(g') Tr {A^A,} 
+ IivA{q^)'TT{V^A, + A^V,] 



(69) 



where we have defined 






(70) 



We know that only the axial current has the right quantum numbers to excite a pion 
from the vacuum, so we expect that only the {A^j,A^) correlator has a pole at g^ = 
from the pion exchange. This implies that at zero momentum the form factors H-vv 
and livA vanish, whereas 11^1^(0) = /^. Equivalently, 



nz.K(o) = 2nz.(o) = 2n^(o) = /^ 



(71) 



At this point we turn back to the effective action (67) and switch off all the external 
gauge fields but the photon: we set L^{x) = T^v^{x) = R^{x). Using 



E = exp (z(tV7/,) = 1 cos (n/U) + i vr V sin (vr//^) 

71 



(72) 



we obtain 



C 



iPT)t.uV^V 



{liL{q^) + n^(g^)) - n,.«(g^) Tr [L^T'^T^] 



(73) 



After a bit of algebra one finds (tt+tt 



(^i)' + (^2)^) 



Tr{ S+T^ST^} 



sin^(7r//^ 



TT^ 



-(tt^tt ) 



(74) 



hence 



£ 



-XPt)^.uV^v 



Iivv{q^) + IiLR{q^ 



sm^i-K/U) 



■n^ 



(tt^tt ) 



(75) 



As expected the neutral pion does not couple to the photon at the quartic level, al- 
though there can be interactions involving both the neutral and the charged pion. The 
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1-loop diagrams associated to the Coleman- Weinberg potential are these same as those 
in Fig. [7j Their resummation gives 

The convergence of the integral thus depends on the behavior of the form factors 
^lr{.Q^) and UwiQ^) at large Euclidean momenta Q^. To infer such behavior we can 
use the information that comes from the OPE of the product of two vector and axial 
currents, see eq.(63). The color-singlet, scalar n operators of dimension 6 or less are: 



1 (identity operator) (d=0) 

Om = i'rriqi: (d=4) 

Og = Gl^G-^^ (d=4) 

O^ = ^a^'TmgVG;^^ (d=6) 

Or = (^Ei^) (^E2^) (d=6) 

Of = f^^'Gl^'G^p^GlP (d=6) 

where a, 6, c are color indices and Ei 2 are matrices in flavor, color and Lorentz space. 
Notice that the operators Om and O^j break explicitly the chiral symmetry and must be 
thus proportional to the quark mass matrix iriq. As such they vanish in the chiral limit. 
On the other hand Or is the only chiral-invariant operator among those listed above 
whose vacuum expectation value can violate the chiral symmetry and thus distinguish 
between the axial and vector currents. In other words. Or is the operator with lowest 
dimension to contribute to the form factor Ulr- 

nxi?(Q^) = g^Oo,(g^)(Or) + --- = Q^(^ + o(^i^)) , (77) 

where 5 is a numerical coefficient. ^ Since the form factor Ilvv grows as Q^ at 
large Euclidean momenta (the leading term in its expansion corresponds to the kinetic 
term of the photon), we deduce that the integral in the pion potential is convergent. A 
reasonable approximation to the full potential is obtained by setting liyviQ"^) — Q^/e^ 
and expanding the logarithm at first order: 

^(vr) ^ ^a,^^^^^^^^(7r+7r-) f^dQ' ^lr^Q') • (78) 



57r^ Ti" 







^Operators of spin 1/2 and higher do not contribute to the vacuum expectation value {Jf_iJu) and 
are thus irrelevant to the following argument. 

^"^The coefficient 5 can be computed perturbatively expanding in powers of a^ and l/A^c- 
In the large N^ limit, the matrix element (Or) factorizes into {{■tpip))'^ , and one finds: 6 = 
87r2 (a,/7r + 0(a2)) {{1J,^p))^ MM. 
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The information of the OPE on the asymptotic behavior of Ulr allows us to proceed 
further and compute the integral explicitly provided we make two approximations: the 
large Nc limit and vector meson dominance. At leading order in 1/Nc the product of 
two vector or axial currents can be written in terms of an infinite sum of resonances 
poles, so that 
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(79) 



Given that 



XlLRiq^) = TlAA{q^) -"^vviq^ 



the large-Q behavior that follows from eq.(77), 

1 



l^LRm ^Qi + O 



Q' 



lim IIlr{Q^) = 



Q-'^oo 



hm Q^ULRm=0 



^0) 



(81) 



, Q^^oo 



imphes two sum rules on the spectrum of masses and decay constants of the strong 
resonances: 

" ' " ' " (82) 
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These relations where first derived by Weinberg 40 , and are known respectively as his 
first and second sum rules. 

The vector meson dominance approximation then consists in assuming that the 
dominant contribution to these relations, as well as to other observables, comes from 
the first vector and axial resonances (the p and the ai). By neglecting the higher 
resonances and saturating the two Weinberg sum rules with the p and the ai we then 
obtain 

J P J -K 



m 



ai 



f = f 

J ai J TV 



ml^ - ml 



^p 
ml, - ml 



and the Ulr form factor can be written as 

^lr{Q') ^ fl 



ml^ml 



iQ' + ml)iQ' + ml 



(84) 
(85) 

(86) 
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Using the above expression of Ulr, the integral appearing in the pion potential gives 

,2 



dQ'ULRiQ' 



.2 "^p"^ai 

J TT 
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'0 ""ai ""p \ ""p 

For any value of the masses, the above expression is always positive (reflecting the 



positivity of Ulr in eq.(86)). This means that the pion potential is minimized for 

(tt^) = (tt^) = . (88) 

In other words, the radiative corrections align the vacuum along the ?7(l)-preserving 
direction, and the photon remains massless. It turns out that the positivity of the 



integral (87) and the above conclusion on the alignment of the vacuum are much more 



general that our approximate result. Witten 41 has shown that in a generic vector-like 
confining gauge theory one has 



^lr{Q^) > for < g2 < oo 



(89) 



so that the radiative contribution from gauge fields always tends to align the vacuum 
in the direction that preserves the gauge symmetry. 



The effect of the one-loop potential ( 78 ) is that of lifting the degeneracy of vacua 



and give a (positive) mass to the charged pion, while leaving the neutral one massless. 
Notice indeed that the potential vanishes in the vacuum (88), so that there is still 
a flat direction along 7r°. All the results derived above are valid in the chiral limit, 
that is for vanishing quark masses. When the quark masses is turned on, both the 
charged and neutral pion get a mass, as a consequence of the explicit breaking of the 
chiral symmetry. The difference of the charged and neutral pion mass, however, is 
still dominantly accounted for by the electromagnetic correction that we have derived. 
Thus, we can compare our prediction with the experimentally measured value and 



check the accuracy of our approximations. From eqs.(78) and (87) one gets 
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(90) 



This result was first derived in 1967 by Das et al. using current algebra techniques 42 
Inserting the experimental values m.p = 770 MeV and m.a^ = 1260 MeV into eq.(90 ) one 
obtains the theoretical prediction 



(m^± — m 



TToJlTH 



5.8 MeV. 



to be compared with the experimentally measured value 

(m^± - m^JlEXP ^ 4.6 MeV. 



(91) 



(92) 



Considering that corrections to the large- iVc approximation are expected to be of or- 
der ~ 30%, we conclude that the agreement of our theoretical prediction with the 
experimental value is fully satisfactory. 
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As an exercise useful for the following, we also derive the prediction for the chiral 



coefficient Liq under the same assumptions that led to eq.(90 ). Lio is defined in terms of 



the difference of the derivative of the axial and vector form factors at zero momentum: 

- 4Lio = n'^^(o) - u'yyio) = nl^(o) ^H-IL. (93) 



Under the assumption of vector meson dominance, the first Weinberg sum rule, eq.(82), 
requires fa^ < fp, and we know experimentally that ttIq^ > rrip. This implies that the 
sign of Lio is fixed to be negative. Using both the Weinberg sum rules one obtains 



^10 



^ 1 + ^ • (94) 



3.3 Electroweak precision tests and flavor constraints in composite Higgs 
models 

Having discussed the QCD example in detail, we now turn back to the case of the 
composite Higgs. We will assume that the form factor Ylii^Q"^) goes to zero fast enough 



for Q — )■ cxD, so that the integral in eq.(59) is convergent. As for the pion potential, we 
can expand the logarithm at first order and approximate UqIQ"^) ~ Q'^/g'^ to obtain 

V{h) = -^^sm\h/f)J dQ'U^iQ'). (95) 



According to Witten's argument on vector-like gauge theories toj , we expect that the 
above integral is positive and that the 1-loop gauge contribution to the potential aligns 
the vacuum in an S'[/(2)L-preserving direction: v/f = sm{h)/ f = 0. This is indeed 
verified in explicit models, see for example Refs. |34|[35] . 

In the context of the original composite Higgs models, various solutions have been 
proposed to solve this problem. For example, in their first paper Georgi and Kaplan 



make use of an additional elementary scalar that mixes with the composite Higgs 27 



while in the model of Ref. 28 the vacuum is misaligned by the explicit breaking of the 
global symmetry mediated at a higher scale by the exchange of (extended ultracolor) 
heavy vectors. A more attractive mechanism, which does not rely on the existence of 
elementary scalars or any hard breaking of the global symmetry, has been proposed by 



Banks 29 and subsequently implemented in Refs. 30 32] . The idea is that of enlarging 
the external gauge group to include an additional axial U{1)a and designing the pattern 
of global symmetry breaking Q -^ Tii such that while the electroweak SU{2)l x f/(l)y 
can be embedded in the unbroken subgroup T^i, the full SU{2)l x f/(l)y x U{1)a 
cannot. The impossibility of preserving the full gauge group implies that the 1-loop 
contribution from the U{1)a vector boson to the potential necessarily destabilizes the 
{SU{2)l X f/(l)y)-symmetric vacuum, leading to {y / f'Y = ^ 7^ 0. In such models, the 



31 



degree of vacuum misalignment ^ depends on the ratio of the U{1)a and SU{2)l gauge 
couphngs, QA/g. 

More recently, it has been shown that the SM top quark contribution can also 
misalign the vacuum and break the electroweak symmetry in a natural way 34 . This 



will be discussed in detail in section |3.4[ where we compute the contribution of the SM 
fermions to the Higgs potential. Here we want to discuss how composite Higgs theories 
face the electroweak precision tests of LEP and the constraints from FCNC processes. 
We will thus assume that some other contribution to the Higgs potential exists, for 
example (though not necessarily) coming from the SM top quark, which triggers the 
EWSB and gives ^ 7^ 0. As before we will analyze the SO{b)/ SO{A) model, although 
the results that we will derive are generic. 

Let us consider first the correction to the Peskin-Takeuchi 5* parameter. According 



to its definition (31 ), S is given by the following term in the expansion of the effective 



action (48) at small momenta: 
1 



C D -H;(0) sin^ {h/f) W^^iB"" H^T'^^YH 



^ -lll\{Q)WlB^^ 



(96) 



In analogy with the previous section, in the limit in which the number of colors A^ of 



the strong sector is large we can use the results of section 2.2 and write the form factor 
Hi in terms of a sum over resonances. This gives 



5 = 2.«n;(o) = 4.5E(|--|^) 



(97) 



where irip^^ and fp^ {f^a^ ^"^^ fa„) denote respectively the mass and decay constant 
of the 5*0(4) {SO{5)/SO{4:)) spin-1 resonances. Equation (97) represents the large-A^ 



leading contribution to S from the strong dynamics, interpreted as due to the tree-level 
exchange of spin-1 resonances. It is clear at this point the strict analogy with the chiral 
coefficient Lio that we computed in the previous section for the case of QCD. Indeed, 
by using the Weinberg sum rules and assuming vector meson dominance we obtain 



S 



P 



1 + 



771, 
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which is in complete analogy with the expression of Liq in eq.(94). In particular, the 



sign of S is fixed to be positive. By means of the large- A^ relation f/rup ^ Qp ^ An/VN 



(where gp is the coupling among three composite states, see eqs.(24)-(26)), it is also 
easy to see that its size is parametrically suppressed by a factor ^ compared to the 
Technicolor estimate of eq.(33). This was in fact expected, considering that ^ — )■ 



with fixed f is a limit in which all the resonances of the strong sector except the Higgs 
become infinitely heavy and decouple. Hence, for ^ small enough the LEP constraints 
can be satisfied. If we use eq.(52) and the relation 7np/7na — 3/5 valid in the 5- 
dimensional S'0(5)/S'0(4) models of Refs. 34,35 , we get 

5 = 47r(1.36) ( — ) , (99) 
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Figure 8: Logarithmically divergent contributions to S (left diagrams) and T (right dia- 
grams) from loops of would-be NG Goldstones x's (upper row) and of the Higgs boson (lower 
row). In the SM the Higgs divergent contribution exactly matches that from the x's to give 
a finite result. At scales below ruh, the upper left diagram contributes to the running of the 
coefficient of the operator Tr [S^^VF^j^Si?^''] , see eq.(32). Similarly, the upper right diagram 

contributes to the running of the coefficient of (Tr [T'^STD^S]) . See Ref. 



18 



which leads to a constraint on the mass of the lightest spin-1 resonance rup. P] 

Concerning Ap (or equivalently the Peskin-Takeuchi T parameter), the tree- level 
correction due to the exchange of heavy spin-1 resonances identically vanishes in the 
SO{5)/SO{4:) model as a consequence of the custodial symmetry of the strong sector. 
In fact, the absence of this otherwise large correction to Ap is the main reason to 
consider this symmetry breaking pattern instead of more minimal ones (like for example 
SU{3) — !■ SU{2) X ^(1), see Ref.|[43|), where no custodial symmetry is present. Non- 
vanishing corrections to Ap will follow in general from loops of heavy fermions and 
vectors. We do not discuss these effects here, referring to the literature 44-46 for 
more details. 

There is another important correction to both the S and T parameters, calculable 
within the low-energy effective theory, that follows from the modified couplings of the 
composite Higgs to the SM gauge bosons, see eq.(56). In the Standard Model the 



1-loop contribution of the Higgs boson to the vector self energy exactly cancels the 
logarithmic divergence arising from loops of would-be NG bosons x"" (see for example 
Ref. |18]). The relevant diagrams are shown in Fig. Isl The cancellation follows from the 



^^ Notice that resumming the effect of the whole tower of resonances, without assuming vector 
meson dominance, will in general make the bound stronger. For example, the calculation of S in the 



S-dimcnsional models of Re fs. [34 35 leads to a formula analogous to eq. ( 99 1 where the coefficient 
1.36 is replaced by 2.08, see 34 . 
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fact that the Standard Model is a renormahzable theory, and there are no additional 
divergences that cannot be reabsorbed by a renormalization of the gauge couplings 
and the Higgs wave function. In other words, there is no counterterm that can cancel 
a possible divergence in S and T (at the level of renormahzable operators). Thus, in 
the full theory the contribution to S and T must be finite when expressed in terms of 
the renormalized parameters. On the other hand, working in a renormahzable ^ gauge 
one finds that loops of NG bosons x"" give a logarithmically divergent contribution to 
S and T. ^ This must be then exactly matched by the Higgs boson contribution at 
1-loop to give a finite result. 

In a non-renormalizable composite Higgs theory the above argument on the finite- 
ness of the S and T parameters does not hold anymore. In particular, as noticed by 
the authors of Ref. 



45 



the modified Higgs couplings to the SM gauge bosons imply 
that the contribution of the composite Higgs to the self-energy does not exactly cancel 
the infrared log divergence arising from the x's- This mismatch leads to a correction 
to S and T given by (AT = Ap/a) 
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AT 



-— l-a^ log — 
12vr \ml 



IGvr cos^ 9 
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«^) log ( -^ 



mt 



(100) 
(101) 



where a parametrizes the shift of the coupling of one Higgs boson to two W^s, see 
eq.(16), and A ^ Arcf is the strong cutoff scale of the theory [i.e. the scale at which 
unitarity is ultimately restored in WW scattering). The LEP precision tests thus imply 
a constraint on the par amet e r a. For example, assuming that the only correction to S 
and T comes from eqs.(100),(101) and setting rrih 
one obtains 0.8 < 



a' < 



120 GeV, A = 1.2TeV/v/|l - a^\, 

1.6 at 99% CL, see Fig. M Larger deviations of a from 1 



can of course be accommodated if the 1-loop contribution to S and T from the heavy 



resonances (partly) compensates the infrared correction of eqs.(100),(101). 

The corrections to S and T of Eqs. (97), (100) and (101) together put a strong 
bound on the value of the mass of the lightest vector resonances. The size of the 
corrections is controlled by the value of ^ and Qp, which in turn determine a and rrip. 
As an illustrative example we consider the constraint that follows in the 5-dimensional 



S0{5)/S0{A) models of Refs. 
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where a 



Ulr 



(37r/8)5fpf/v/^ and 



the UV correction to the S parameter is AS' = 47r(2. 08) (i;/mp) (see Eq.(^99h and 



footnote 11). Figure 10 shows the region in the plane {C,gp) excluded at 99% CL 
(blue area) and the isocurves of constant rrip. The mass of the Higgs has been set to 
rrih = 120 GeV and the argument of the IR logarithm of Eqs.(100|l01) to {m? Jnij^. 
One can see that values of ^ up to ~ 0.2 are allowed for large ^fp, while a smaller ^ 



^■^Of course the same result is obtained with any choice of gauge fixing. The renormahzable ^ gauge 
is convenient because it shows that the log divergences solely arise from the EWSB sector, i.e. from 
the contribution of the NG fields x", and not from the transverse gauge bosons. 
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Figure 9: 

LEP data 



X fit to the parameters £1^3 of Altarelli and Barbieri 47 
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obtained from 



The relation to the S and T parameters is as follows: ei — ^i 
€3 = €3'" + a/(4sin^^vy) S. The solid curves represent the 68%, 90% and 99% CL contours 
obtained by setting 62, e^ to their SM value with ruh = 120 GeV and Tiit = 171.3 GeV. The 
black fat dot shows the SM prediction for ruh = 120 GeV (a = 1). The blue smaller dots show 
how ei and £3 are modified by varying a^ from to 2 in steps of 0.1 (for A = 1.2 TeV/^/\l — a?\ 
and nih = 120 GeV). No additional correction to S and T has been included other than that 



of eqs.(100),(101). 



is required to have more weakly coupled vector resonances. In any case the mass of 
these latter, rup, must be larger than 3 TeV, which makes their detection at the LHC 
challenging (see for example |50 



The bound on rUp can be relaxed if an additional 
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positive contribution to T is present: for example the dotted black curve of Fig. 
shows how the excluded region is reduced by adding an extra AT = +2 x 10~^. 

We have seen that LEP data constrain the parameter a. It is worth stressing, 
however, that no bound exists on the coupling of two Higgses to two vector bosons, 
i.e. on the parameter b defined in Eq.(16). Although a, b and c are related in specific 



composite Higgs models (see for example Eqs.(57) and (121 ) for their prediction in the 



SO{5)/SO{4:) model), this shows that a direct measurement of b from the experiment 
would be highly desirable. Unfortunately this seems to be quite difficult at the LHC: 
while a can be extracted from both the Higgs decay branching fractions and the analysis 
of the WW — )■ WW scattering, the parameter b can be extracted only from the WW — )■ 



hh scattering. The exploratory analysis of Ref. 12 shows that observing this process 



will be quite challenging at the LHC, although it should be possible at its planned 
luminosity upgrade. 

From the above discussion we conclude that a mild gap between v and /, such 
as for example (f//)^ = 'C ^ O-l^ can make a composite Higgs compatible with the 
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Figure 10: The blue area denotes the region in the plane (^, gp) excluded at 99% CL 
by the LEP data after including the UV and IR corrections to S and T as predicted in 
the 50(5)/50(4) models of Refs.|34|[35], see text. Superimposed in red are the isocurves of 
constant rap (dashed lines). The dotted black curve shows how the excluded region is reduced 
by adding an extra AT = +2 x 10~^. The Higgs mass has been set to rrih = 120 GeV. 



electroweak precision data from LEP. The original models constructed by Georgi and 
Kaplan, however, suffer from a much more severe bound on / from CP-violating and 
FCNC processes. In those theories the breaking of the electroweak symmetry is trans- 
mitted to the quark sector trough the same mechanism of Extended Technicolor the- 
ories: at some high scale Auv the exchange of massive vectors generates four-fermion 
operators made of two SM fermions and two technifermions: 



A£ = A qqO , 



0{x) = 'ipTcix)i'Tc{x) 



(102) 



Below the scale A the strong dynamics condenses and the composit e op erator O inter- 
polates a Higgs field, \0{x) ~ (A/A(7y)[*^l~^if (x). The term of eq.(102) thus becomes 



a Yukawa coupling between H and the SM quarks, and gives quark masses of the order 



An 



rriq ~ V 



N \A 



A 



wv 



[0]-l 




H 



Similarly to the case of Technicolor, one can assume that above A the strong dynamics 
stays close to an IR fixed point where its coupling slowly walks, and the dimension of the 



operator O can significantly differ from its classical value. As discussed in section 2.2 
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a naive argument shows that if one does not want to reintroduce UV instabihties in 
the theory, the dimension of the operator O cannot be smaller than 2, thus implying 
at least a factor (A/Ajjy) in the quark masses, q] Besides the term in eq.(102), the 



UV dynamics at the scale Kuv will also generate operators made of four SM fermions. 
These are suppressed by 1/A^y and are expected to violate flavor and CP, thus leading 
to a strong bound on Ajyy. While in Technicolor theories this in turn implies too 
small quark masses as a consequence of the suppression factor (A/A^/y) ~ {v/ Kuy), in 
composite Higgs models one can still obtain large enough quark masses by making A 
large, A ^ f ^ v. This can be achieved, however, only at the price of fine tuning the 
vacuum alignment parameter to be very small, ^ = (f //)^ ^ 1. Therefore, the FCNC 
problem of Technicolor can be solved, but the resulting model is highly tuned. At the 
same time, a simple explanation of the hierarchy among quark masses is still missing, 
the only possible mechanism being a complicated cascade of symmetry breakings as in 
Extended Technicolor theories. 

There is however a different mechanism that can transmit the EWSB to the SM 
fermions and leads to much milder experimental constraints on /. Suppose that some 
UV physics at the scale Auv generates a linear coupling between a composite operator 
O and one SM fermion, 

AC = XqO + h.c. (103) 

In this case O must be a fermionic composite operator (made for example, but not 
necessarily, of three technifermions) with the same SU{3)c x SU{2)i x U{1)y quantum 
numbers of the SM fermion to which it couples. Hence, there must be at least one 
composite operator for each SU(?>)c x SU{2)l x f/(l)y quark multiplet. At low energy 
the composite Higgs field is interpolated by pairs of fermionic operators OrOl, and 
the naive estimate for the quark masses is as follows: 




^ Xl{A)Xr{A) 



47r 

The value of the coupling A at low energy is determined by the dimension of the 
corresponding operator O. Particularly interesting is the case in which from A^/y 
down to the scale A the strong dynamics is almost conformal and the dimension of 
O is constant. Then, at large A^ the RG evolution of A is governed by the following 
equation: 

-^^Strongly coupled theories at small N can however evade this conclusion, see the discussion at the 



end of section 2.2 
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Additional terms (indicated by the dots) can be neglected as long as (A^/IGtt^) ^ 1 and 



A^ is large. The first term in (104) corresponds to the classical scaling of A according 
to the anomalous dimension 7 = [O] — 5/2. The second term, instead, comes from 
the wave-function renormalization that ( |103 ) induces on the SM fermion, c being a 
numerical coefficient of order 1. 



For 7 > (so that eq.(103) is an irrelevant term in the Lagrangian), the coupling 
A becomes smaller at lower energies, and the second term in the RG equation can be 
neglected as long as (A^A^/lGvr^) ^ 1 at the scale Aj/y At low-energy one has: 

A(A) = A(A^v) (^y . (105) 



For 7 < (which means that (103) is a relevant deformation of the Lagrangian), if the 



coupling A starts small at the UV scale A^y, its RG evolution will be initially driven 



by the first term of (104), so that A increases when evolving to lower energies. For 

c negative, A rapidly grows and becomes non-perturbative, driving the strong sector 

away from the fixed point. On the other hand, if c is positive, then the second term 

has opposite sign compared to the first, and the strong sector is driven to a new fixed 

point at which 

/ — ^ 47r 
A~A, = W^^. (106) 

For A^ large the value of the coupling at the fixed point is perturbative and thus our 
derivation (where we neglected the additional terms in the RG equation) can be trusted. 
Finally, for 7 = the second term in the RG equation leads to a logarithmic evolution 
of the coupling. 

Depending on whether the anomalous dimensions of the operators Ol,r are positive 
or negative, the corresponding quark mass can be large or very much suppressed. For 
example, if both Ol,r have positive anomalous dimensions, 'Jl,r > 0, the naive estimate 
for the quark mass reads 

^ / A ^ 7L+7fl 



Although this expression looks similar to that obtained in the case of a bilinear coupling, 
here the difference is that one can have 7^ + 7/j close or equal to zero without reintro- 
ducing any UV instability. The unitary bound on the dimension of a fermionic operator 
is 3/2 (which corresponds to the dimension of the free field), implying 'Jl,r > — 1- Fur- 
thermore, for 7 > the operator 00 (singlet under the SM gauge group) is irrelevant 
at large A^, and radiative corrections do not reintroduce any UV divergence. This 
means that the UV scale Auy can be arbitrarily large, possibly equal to the Planck 
scale, without suppressing the quark masses. On the other hand, a large value for A^/y 
suppresses any fiavor- and CP-violating operator with four SM fermions generated at 
that scale, thus resolving the problem of Technicolor theories without any fine-tuning. 
As a bonus, when (A/Auv) ^ 1, differences of 0(1) in the anomalous dimensions can 
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Figure 11: Flavor-Changing four fermion operators generated by the exchange of composite 
states at the scale A are suppressed by four powers of the couplings Aj. For (Al)j ~ [Xii)i 
this suppression corresponds to the square root of the product of the Yukawa couplings yi of 
the external quarks. 



generate large hierarchies in the hght quark masses. In other words, assuming hnear 
couphngs between the SM fermions and the strong sector, and a vast energy range 
over which these can evolve, gives a natural explanation of the hierarchies in the quark 
masses 51,52 and can lead to a qualitative explanation of the pattern of observed 



flavor mixings 53-55 . Furthermore, the case with negative anomalous dimensions can 



be relevant for reproducing the top quark mass. For example, if both '^l,r are negative, 
and assuming that the strong sector flows to a new IR fixed-point, one has 



m, 



4n 



N 



(10^ 



which can easily reproduce the experimental top mass in the range — 1 < ^l,r < even 
for moderately large A^. 

To summarize, linear couplings between the SM fermions and the strong sector 
represent an extremely interesting mechanism to communicate the breaking of the 
electroweak symmetry to the quark sector and generate the quark masses. The possi- 
bility of coupling one SM fermion to three technifermions was first proposed by D.B. 



Kaplan 56 , as an alternative mechanism to the more standard Extended Technicolor 



approach. Ref. 56 however assumed a QCD-like dynamics for the strong sector, and 



did not exploit the natural generation of hierarchies in the quark masses that follows 
from the RG evolution over a vast energy domain. The importance of linear couplings 
was re-discovered only later in the context of extra-dimensional warped field theories ^^ 
when their relevance to explain the flavor structure was realized. 

Although flavor- violating local interactions generated at the scale Auv can be safely 
suppressed in the case of linear couplings, there are still important flavor-violating ef- 
fects that can be mediated by the strong sector at the lower scale A. In particular, 
four-SM fermion operators can be generated by the exchange of the composite reso- 



nances of the strong sector, see Fig, 11, An interesting possibility is that the strong 



^^To my knowledge, the connection between the mechanism of Ref. i56i and extra-dimensional 
warped theories was pointed out for the first time by Ref. 57 . 
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sector is flavor anarchic, and the flavor structure of the SM Yukawa couplings entirely 
arises from the RG evolution of the composite-elementary couplings A,. In this case, 
four-fermion operators involving light external quarks will be suppressed by their small 
couplings to the strong sector at low energy, providing a sort of GIM protection against 
large FCNC 52 55,58 . Important effect can still arise, however, from the sizable cou- 
pling of the third generation quarks to the strong sector. In particular, it has been 
shown that important constraints on the scale A arise from CP violation in the KK 
system 59 62 , 6 — )■ 57 [55||58||6l]|62] and lepton- violating processes such as /x — )■ 67 
and /i — )■ 3e 54 , 63 , 64 . Here we will not discuss these constraints, referring to the vast 
literature on the subject for more details. 

There is an extremely interesting phenomenological consequence of linear couplings 
which was already noticed in Ref. ^^: similarly to QCD, where a current made of 
quarks has the quantum numbers to excite a heavy spin-1 resonance from the vacuum, 
at energies below the scale A, at which the strong dynamics is assumed to condense, 
a composite operator O can excite a heavy fermionic resonance. More exactly, there 
will be a full tower of composite fermions of increasing mass that can be excited by 
the operator O. Fj The linear coupling (103) thus becomes a mass mixing term at low 



energy between the elementary fermion ip and the tower of composite fermions Xn'- 



l^mix = ^ A„ (V^Xn + ^-C.) , (0|O|Xn) = A, 



(109) 



Similarly, and in complete analogy with QCD, a conserved current J^ associated with 
the global symmetry Q of the strong sector will excite a tower of spin-1 resonances pn 
which will mix with the elementary gauge fields A^: 



C^ix = Y^ mp^fp^Af^p^ , {0\Jp\pn{er)) 



S"^p. 



fp 



:iio) 



The corresponding phenomenon is known as p-photon mixing in the QCD literature. 



As a consequence of the mass mixings (109) and (110), the physical fermion and 



vector eigenstates (to be identified with the SM fields) will be admixtures of elementary 
and composite states. In this case one speaks of partial compositeness of the SM 
particles 56 65 . A qualitative and simple understanding of the phenomenology of such 



scenarios can be obtained by considering the simplifying limit in which one includes 
only the first resonance of each tower in the low-energy theory, and neglects the other 
heavy states 65 . For example, the effective Lagrangian describing one elementary 



chiral field ipL and one composite heavy fermion x is 



:iii^ 



Notice that, as a result of the RG evolution above A, the mass mixing parameter 
A^, can be naturally much smaller than the mass m^, of the composite fermion. The 



^^We are assuming that the operator O is vector-hke, so that the excited composite fermions are 
massive Dirac states. 
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Lagrangian (111) can be easily diagonalized by rotating the left-handed fields: 



^l\ ^ ( cos^, sinv, A /^A tan v.. = ^ . (112) 

XL J \-sm(fL cos ipL J \XlJ m* 

The mass eigenstate fields, a light left-handed fermion (to be identified with the SM 
field), and a heavy Dirac fermion of mass m = \/vn\ + A|, are superpositions of 
elementary and composite states: 

|light) =cos^lW) +sinv5L|x) 

(113) 
|heavy) = - smyj^l?/^) + cosv^lIx) • 

The angle (yj^ thus parametrizes the degree of partial compositeness of the correspond- 
ing SM field. Similar formulas can be derived in the case of the mixing of a right-handed 
elementary field in terms of a right handed angle 99^. Since the origin of the breaking 
of the electroweak symmetry resides, by assumption, in the composite sector, the mass 
acquired by a SM fermion ■?/' entirely stems from the composite components of V'l and 

y = K sin v^L sin v^ij , (114) 

where K,, is a Yukawa coupling among composites. Thus, heavier SM fields must have 
larger degree of compositeness. In particular, light quarks and leptons are almost 
elementary fields. This explains why all the standard bounds on the compositeness of 
these particles can be easily evaded in the present framework. Furthermore, the Higgs 
boson and the longitudinal components of the W and the Z are full composites. The 
transverse polarization of the SM gauge fields will be instead partly composites, the 
degree of compositeness this time being fixed in term of the ratio of elementary and 
composite gauge couplings. 

Besides those sketched above, this theoretical framework has simple and important 
consequences for the physics at present and future colliders, as well as on the pattern 
of deviations expected in precision measurements. We do not have time here to review 



all of them, but the interested reader can find more details in Ref. 65 . 



3.4 Higgs potential from the top quark 

So far we have assumed that the Higgs potential at its minimum can induce the cor- 
rect amount of electroweak symmetry breaking. Here we want to show that this can 
naturally follow due to the contribution of the SM top quark. Let us assume that the 
fermionic content of the elementary sector is that of the Standard Model, and that 
each S'f/(3)c x SU{2)l x f/(l)y multiplet couples linearly to a corresponding compos- 
ite operator. The composite operators transform as a complete representations of the 
global symmetry Q of the strong sector, while, in general, the external fermions will 
not. This means that the linear couplings violate Q explicitly, so that loops of elemen- 
tary fermions will induce a Higgs potential. The dominant contribution will come from 
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the top and bottom quarks, since heavier fermions have larger couphngs to the strong 
sector. 

The calculation can be done by closely following the strategy adopted for the 
gauge contribution in section 3.1[ As before, we will work out the specific case of 
the SO{5)/SO{4:) model, but our results are generic. As a first step, one needs to spec- 
ify how the composite operators transform under 5*0(5). Following Ref.|34J, we will 
assume that for each quark generation, q^, ur, d^, there are three composite operators 
transforming as spinorial representations of S'0(5) with U{l)x charge X = 1/6, such 
that (a sum over the three flavors is understood) 



C = \g qiOg + \u urOu + Xd d-ROd + h.c. 



(115) 



In general the couplings Xq^u,d can be arbitrary matrices in flavor space, but here we 
will assume for simplicity that they are diagonal. A spinorial representation of 5*0(5) 
consists of two spinors of 5*0(4), in the same way as the smallest irreducible represen- 
tation of the 50(4, 1) Lorentz group in 5 dimension, a Dirac fermion, is made of two 
Weyl fermions of 5*0(3, 1). Hence, a spinor of 5*0(5) decomposes as 4 = (2, 1) + (1, 2) 
under SU{2)l x SU{2)r. 

Similarly to the case of the gauge fields, a useful trick to derive the effective action 
for the elementary quarks in the Higgs background is that of uplifting q^, ur and dR 
to complete 5*0(5) spinorial representations. 



^r 



Ql 



^, 



Ur 

d' 



R 



^. 



4 



(116) 



uA 



where Ql, q^ , u'r and d'p^ are non-dynamical spurious. Each of the fields \1/ contains 
one doublet of SU{2)l (the two upper components of the multiplet) and one doublet 
of SU{2)r (the two lower components). Specifically, qi is the SU{2)l doublet inside 
^q, Ur is the upper component of the SU{2)r doublet inside ^„, while dR is the 
lower component of the SU{2)r doublet inside ^d- Then, according to the definition 
Y = T^^ + X, the hypercharge of qi, ur, dR is correctly reproduced if all the fields 
'^q,u,d are assigned U{l)x charge 1/6. Once written in terms of \l/g,«,d, the couplings of 



eq.(115) formally respect 5*0(5) x U{l)x- Hence, the most general (5*0(5) x U{l)x)- 
invariant effective action for the elementary quarks, at the quadratic order and in 
momentum space, is: 



C 



eS 



^. 



: J2 ^.^[H5(p) + HKp)rs, 

r=q,u,d 

+ ^^,K(p) + M[(p)rs,]vi>,. 



:ii7) 



T=uA 



As before, we have treated S as a constant background and encoded the effect of the 
strong dynamics in the form factors Hq j^ and Mq^ (r = q,u,d). The poles of these 
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latter give the spectrum of the fermionic resonances of the strong sector. Using the 
expression of the gamma matrices F* of 5*0(5) given in the Appendix one easily obtains: 



r^s, 



1 cos(V/) ^ sm{h/f) \ 
aUm{h/f) ~1 cosih/ f)J 



(118) 



a 



a = a^ hyh 

{a,-zl}. 

At this point we keep only the top quark multiplets ql = {ti, &l) and tn as physical, 
dynamical fields, and set to zero all the other fields. The effect of the other elementary 
fermions in the Higgs potential is negligible due to their small couplings to the strong 
dynamics at low energy. We thus obtain the effective action for q^ and t^ we were 
looking for: 

C=qL^{nl{p) + nl{p)cos{h/f))qL 

+ t^^(n^(p) -n^(p)cos(V/))ti^ (119) 

+ sm{h/f)M^{p)qLHHn + h.c. 



Here H^ = ia H and H has been defined in eq.(49). In particular, the top quark mass 



can be extracted from the Yukawa term between II and tji by taking the low-energy 
limit p ~ 0: 

V M{'(0) 



mt 



/v/(ng(o) + nf(o))(n^(o)-n^(o)) 



(120) 



By expanding eq.(119) around the Higgs vev one also immediately obtains the expres- 



sion of the parameter c defined in eq.(16): 



c=VT^. (121) 

From the effective action one easily derives the 1-loop Coleman- Weinberg potential: 



Vih) = -2N, 



logH,^+log p^Hi,H,^-H 



where Nr 



(27r)4 
3 and we have defined 

Hi, =H,, = H^ + H?cos(V/) 
H,,^H^-H5'cos(V/) 
H,,,, ^ M^in( V/) . 



tLtf 



(122) 



(123) 



The first term in the integral of eq.(122) is the contribution of bi, while the second is 



due to the top quark (t^ and tfi). The potential can also be conveniently rewritten (up 
to terms that do not depend on the Higgs field) as 

d'^p 



Vih) = - 2N, 



(2vr)4 
+ log I 1 



2 log 



(M«sin(V/))' 



H" h 
cos 



h: 



/ 



p2(H^ + H? cos( V/))(n^ - n^' cos( v/)) 



(124) 
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Figure 12: 1-loop contribution of the SM top and bottom quark to the Higgs potential. 
Upper row: diagrams where the same elementary field, either q^ = {tL^hL) or t/j, circulates 
in the loop with a propagator i/(^no). A grey blob denotes the form factor i^IIi. Lower row: 
diagrams where both ti and tR circulate in the loop with a Higgs-dependent propagator (see 
text). In this case a grey blob denotes the form factor Af". 



where this time the first two terms in the integral can be thought of as due to the 
resummation of 1-Ioop diagrams where only q^ or Ir are exchanged, see Fig. [12] (upper 
row). The last term, instead, comes from resumming the diagrams where both II and 
tR circulate in the loop with a Higgs-dependent propagator, respectively 



^(ng + n?cos(V/)) 



and 



^(nj{-nYcos(V/)) 



see Fig. 12 (lower row). As for the case of the gauge fields, the finiteness of the integral 
is guaranteed by the convergence of the form factors M^ and 11^''' at large Euclidean 
momenta. Provided these decrease fast enough, the potential can be reasonably well 
approximated by expanding the logarithms at first order. This gives: 



V{h) 



a cos 



h /Q • 2 ^ 

p sm 



(125) 



where the coefficients a and /3 are defined in terms of integrals of the form factors. 



Including the contribution of the gauge potential (59) to /3, one has: 



a=2N, 



(2vr) 



n^_2"? 



TTM 

-'■■'^0 



-'■■'^0 



/3 



d'^p 



2Nr 



m) 



u\2 



-p^){ni + n\){Y^-ni\ 



9 Hi 



(126) 
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We see that even though the gauge contribution to /3 is negative, the EWSB can 
still be triggered by the top contribution if a < 2/3. In this case the potential has a 
minimum at 

,2 W ^ ^_ (^ 



This shows immediately that small values of ^ require a fine tuning between a and 
p. In fact, this is a general feature of composite Higgs models: the misalignment of 
the vacuum comes from the interplay of different terms in the potential (specifically. 



sin^ and cos in eq.(125)), each of which is a periodic function of 6* = h/f. One thus 
naturally expects large values of the angle 6 at the minimum (^ ~ 1), or no symmetry 
breaking at all (.^ = 0). Small values of 6 are unnatural and can arise only through a 



fine-tuned cancellation among different terms of the potential. ^ Therefore, the value 
of ^ gives a rough estimate of the tuning of the theory. In particular, models where 
^ ~ 0.1 is required to pass the LEP precision tests are tuned at the level of 10%. 

As a final exercise, it is instructive to derive the expression of the physical Higgs 



mass that follows from eq.(125). Taking the second derivative of the potential at its 
minimum one has m\ = 2(3^/ p. It is convenient to define 

so that (neglecting for simplicity the gauge contribution) 

/>^^F(0)/.Q^^.^f(0),„;. (129) 

where the last equality defines m^,. This is the scale at which the top loop is cut off, 
and is naturally expected to be of the order of the lightest fermionic resonance of the 



strong sector. Using the fact that rrit = ^a/-F(0), see eq.(120), one finally obtains 
{yt = mt/v): 

ml = 2N,^^mU. (130) 

This result could have been guessed simply by naive dimensional analysis: the Higgs 
mass is one loop suppressed compared to the scale of the heavy resonances m^:, and 
the SM coupling responsible for the explicit breaking of the Goldstone symmetry is 
the top Yukawa coupling in this case. A further suppressing factor ^ comes from the 

^^An interesting exception is when one term in the potential starts at order h'^ (for example a sin 
term 34 ), thus contributing only to the quartic coupling and not to the Higgs mass term. If the 
coefficient of such term is slightly larger than that of the other terms in the potential, then a small 
value of 9 naturally follows at the minimum. This way of getting naturally a large gap between / and 
V is analogous to the mechanism at work in Little Higgs theories, where the large quartic follows from 
collective breaking (see [2] and references therein). Unfortunately, no fully natural mechanism have 
been found so far (other than collective breaking) , to make the coefficient of the h* term parametrically 
larger than that of the remaining terms in the potential. 
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tuning among different terms in the potential. One can also use the NDA estimate 
ml ^ /^iV/167r^, where N is the number of 'colors' of the strong dynamics, to rewrite 
rrih as follows: 

"^h-^^^i- (131) 

This shows that the Higgs mass is naturally expected to be ^mt, and that it remains 
constant in the limit ^ — > with v fixed. 

4 The holographic Higgs 

So far we have discussed the phenomenology and the predictions of composite Higgs 
models assuming that some dynamics exists which forms the Higgs as a bound state 
at low energy. Here I want to give one example of such dynamics, illustrating an ex- 
tremely fascinating possibility: the composite pNG Higgs might be identified with the 
fifth component of a gauge field living in a 5-dimensional (5D) spacetime. Theories of 
this kind are not just beautiful because of their profound implications on our under- 
standing of Nature, but they are also extremely predictive: we will show, although in 
the context of a simplified abelian model, how the form factors of the SO{5)/SO{4:) 
example discussed previously can be computed analytically. 

Let us start by considering a gauge theory on a flat 5-dimensional interval: ^Jj the 
metric is that of 5D Minkowski spacetime, tjmn = (+, — , — , — , — ) {M, N = fi,5), and 
the fifth spatial coordinate runs from to L, where L is the dimension of the extra 
dimension: x^ G [0, L]. One can also start with x^ defined on a circle of radius R and 
identify opposite points by means of a Z2 symmetry: 

x^ ~ 2nR - x^ x^ E [0, 2nR] . (132) 

The spacetime obtained in this way is called orbifold, and denoted with S^ /Z2. As a 



consequence of the identification (132), only half of the points are physically inequiv- 
alent, for example those lying between and vri?. The orbifold is thus equivalent to a 
segment of length L = ttR, see Fig. 13 ^ 



The action describing a (non-abelian) gauge field Am and a fermion field \1/ living 
on the 5-dimensional interval is: 



S = I d'^x / dx^ 



\ FmrFns r/^'^r^^^ + ^ [iDmT^' -m^)^ 



95 



(133) 



^^I will assume that the reader is familiar with the formalism of field theories in higher-dimensional 
spacetimes. Excellent introductions to the subject are Refs.lSjjS]. Some of the topics discussed in this 
section are also introduced in the TASI lectures by R. Sundrum [s] and the review l4j by M. Serone, 
to which I refer for further details and a list of references on models of gauge-Higgs unification. 

^^Although trivial at the level of spacetime, the equivalence between field theories on the orbifold 
and on the interval is valid also at the level of field configurations. See for example the discussion in 
Ref. [66l 
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Figure 13: The orbifold construction: opposite points on the circle are identified by a Z2 
symmetry. The resulting space is equivalent to a segment of length L = ttR. 



where T are the 5- dimensional gamma matrices, 



^M 



{Y,-^l'} 



{r*^r^} = 2r/ 



MN 



(134) 



The smallest irreducible representation of the 5-dimensional Lorentz group SO {4, 1) is 
a Dirac fermion, so that the bulk fermion \i/ has both a left-handed and a right-handed 
component ^ 

"\1>l(x,x^) 



\I'(x,x^ 



'^r{x,X^ 



(135) 



A gauge-invariant mass m^ for the fermion field is thus allowed in the bulk. Notice 
that the 5D gauge coupling has dimension of mass~^/^, [l/f?!] = 1, and this is a sign 
that the theory described by the action ( 133[ ) is non-renormalizable. Indeed, it is valid 
up to energies of the order A5 ?a IQir'^/g'^, below which it can be considered as the 
low-energy effective description of some more fundamental theory. In spite of the non- 
renormalizability, there are important physical observables - we will see that the Higgs 
potential is one of those - which are UV finite and thus calculable. 



Since the spacetime has boundaries, the action (133) alone does not completely 
define the theory: one has to specify the fields' boundary conditions at x^ = and 
x^ = L. These must be chosen so that the variation of the action vanishes, upon 
evaluation on the equations of motion, both in the bulk and on the boundaries. For 
example, in the case of the fermion \1/, the variation of the action reads 



ss 






d^x I dx^ [5^ D^ + D^ 5^] + - fd'^x [^7^5^ - 5^7^*] 



(136) 



The first term on the second line of the previous formula vanishes upon evaluation on 



19 



Here 'left' and 'right' refer to the chirahty in 4 dimensions, that is: Js'^r.l — ±^fl,L- 
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(137) 



the bulk equations of motion, 

D-^ = {idMT^ - m^) ^ = -^ 
The second term instead, 

must vanish when the boundary conditions at x^ = 0, L are imposed. As imphed by the 



coupled system of equations of motion (137), the boundary conditions of "^l and "^r 



are not truly independent: fixing one determines automatically also the other. Thus, at 
each boundary xf = 0,L there are two possible choices of boundary conditions: either 



or 



^Lix' 



^r(x'] 











and thus 



d,^R{xf) 



and thus d^'^Lix^ 



mvi>^i{(xf ) , 



-m^\l>i(x,- 



(138) 



(139) 



In the particular case of vanishing bulk mass, m^ = 0, the above conditions simplify 
to 



'^^(xf) = (Dirichlet, -) 
d5'^R{xf) = (Neumann, +) 



or 



95\&L(xf) = (Neumann, +) 
^^(xf) = (Dirichlet, -) 



(140) 



Similar conditions (of Neumann or Dirichlet type) also apply for the gauge field Am- 

Since the spacetime is compact, each 5D field $ can be decomposed in Fourier 
harmonics, 

$(a;,a;5) = ^0(")(x)e„(a;^), (141) 

n 

where the Cnix^) form a complete set of orthogonal functions on the interval. The 
(p^"'\x) {i.e. the Fourier harmonics of $(x,x^)) are called Kaluza-Klein (KK) modes 
and behave like 4-dimensional massive fields with masses increasing with n. Consider 
for example the case of a fermion field: each chiral component has a decomposition in 
terms of Kaluza-Klein modes ipi'j^^x): 

n n 

For mm = 0, a complete set of orthogonal wave functions ^„ is given by (n = 0, 1, 2, . . . ) 

"2n7rx^l 1 ^i^_\, . f \{2n + l)'Kx^' 






COS 



sm 







K-+), 



X5] 



x^] 



cos 



sm 



L 

(2n + l)7rx^ 
L 



(143) 
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where ^n °'*^ satisfies a condition of type sq at x^ = and type sl at x^ = L, and 



Si = + (sj = — ) means Neumann (Diriclilet). As implied by eq.(140), if ^^ has (sq, sl) 
boundary conditions, then ^^ will have (— Sq, —sl) conditions. In the case of (±, =f) 
fields, the Kaluza-Klein modes form a tower of four-dimensional Dirac fermions with 
mass m„ = (2n + l)vr/L (n = 0, 1,2, . . . ). In the case of (±, ±) fields, the massive 
levels are at rrin = 2mx / L. In addition to those, there is also a 'zero mode' {n = 0) 
corresponding to a massless chiral fermion. Chirality comes from the fact that for n = 
only the ^'■''''^-' wave function admits a non-trivial solution (with a constant profile), 
see eq.(|143). These considerations remain valid even for ?7i,j, ^ 0, although the value 



of the masses of the non-zero KK modes will change. 

The possibility of obtaining a spectrum of chiral fermions at low energy is in fact 
one of the motivations to consider the interval rather than other compact spaces, like 
for example the circle. There is another reason however: the boundary conditions 
imposed on the gauge field can lead to an elegant mechanism of symmetry reduction 
at low energy. Let us see how. In general, a 5D gauge transformation on Am has the 
form 

Am -^ fi^A/fit - t Wm^'^ 

(144) 
n{x,x^)=Vexp{iT^a^{x,x^)} , 

where T^ are the generators of the bulk gauge group Q, and V represents the path- 
ordering of the exponential. An infinitesimal transformation with M = /i, in particular, 
transforms A^ — )■ A^ — d^a^, which implies that each of the gauge parameters a^ 
must respect the same boundary conditions of A^. Since the gauge field is part of 
a covariant derivative and has a geometrical meaning, it follows that A^ must have 
opposite boundary conditions compared to A^. The most generic set of boundary 
conditions that can be consistently applied on the various components of the gauge 
field is then F] 



(145) 



where "Ho,! are subgroups of Q. One can notice two important facts: First, the set 
of generators corresponding to the gauge fields that do not vanish at x^ = (A^ and 
A'p form the subgroup T-Lq, while those associated to the fields that do not vanish at 
x^ = L [A"^ and A") form the subgroup Tii. In other words, the bulk gauge symmetry 



^;:(+,+), 


^5(-,-) 


T^ eA\g{n = ninno} 


4(+'-)' 


At{-,+) 


T^ e A\g{no/n} 
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At{+,-) 


T'eA\g{n,/n} 
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T'eA\g{g/no}nA\g{g/Hi} 



g is reduced to T-Lo {Hi) on the boundary x = (x = L), see Fig. 14 Second, the 



^'^Here we neglect the effect of possible mass terms localized on the boundaries. 
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-Ho G "^1 



x^ = x^ = L 

Figure 14: The bulk gauge symmetry G is reduced to the subgroup T-Lq at the boundary 
x^ = 0, and to T-Li at x^ = L. 



gauge invariance at low energy is H = Hi fl T-Lq. Indeed, the basis of wave functions 



relevant for the Kaluza-Klein decomposition of the fields in (145) is that of eq.(143). 
Since only (+, +) fields have (massless) zero-modes, this means that the low-energy 
spectrum comprises a set of gauge fields A^^T"" G Algj'H}, and a set of 4D scalars A'^ 
living in Alg {g/no} H Alg {G/n,} 

In addition to these massless fields, there is a tower of massive spin-1 fields trans- 
forming under the adjoint representation of Q. Level by level, each of the modes A^ 
is eaten in a Higgs mechanism to form massive vectors together with A}^ . In fact, 
there is a gauge transformation that eliminates the x^ dependence of A^ from the very 
beginning, and leaves only its zero mode (which has a constant wave function). It can 
be constructed as follows: In a 5D Minkowski spacetime one can go to an axial gauge 
where As = by performing the following gauge transformation: 



n{x,x^) =Vexp<i dyA5{x,y)}. (146) 




This is not an allowed gauge transformation on the interval, since if A^ has a constant 
profile, the gauge parameter does not satisfy the correct boundary conditions. However, 
one can obtain a proper gauge transformation by simply subtracting the zero mode of 
A^ in the exponent: 

n{x,x^) =Vexpli dyA5{x,y)\expl-i^AP{x)\. (147) 



The factor l/vL comes from the normalization of the zero-mode (constant) wave 
function, 



^ 



dy {e'\y)) . (148) 

'0 

The existence of an axial gauge where A^ does not depend on x^ thus shows that only 
the zero mode A^ is physical, all the other modes can be gauged away. 

4.1 A^ as a pseudo Nambu-Goldstone boson 

The existence of a massless scalar field in the spectrum, the zero mode of A^, should 
have raised a crucial question from the reader: is its lightness just an accident, perhaps 
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only valid at tree level, or there is a more profound reason ? In this latter case Ar, 
would be a natural candidate to play the role of the Higgs boson. There is in fact 
a simple reason why A^ is massless: locality and the 5D gauge invariance forbid a 
potential for A^ at tree- level. This is because the only gauge invariant, local operators 
one can write in the 5D theory involve the antisymmetric tensor Fmn, and since F^s = 
df^A^ — d^A^ — ^[^^,^45], there is no way to form terms with only A^ and no four- 
dimensional derivative. 
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At the 1-loop level, on the other hand, a potential for A^ can arise from non-local 
operators. One can indeed construct a gauge covariant variable, the Wilson line W{x), 
which is a non-local function of A^: 

W{x) = exp <^ z / dx^ A5{x, x^) I = exp {i9{x)} . (149) 

After canonically normalizing the kinetic term of A^ one has 

eix) = ig,VL)Af\x) , (150) 

so that W{x) is just the exponent of the zero mode of A^. According to its definition, 
under a gauge transformation the Wilson line transforms as 

W{x)^n{x,L)W{x)n\x,0), (151) 

which intuitively suggests that a non-vanishing potential for A^ can arise from 5- 
dimensional loops that stretch from one boundary to the other. We will show in 
the following that this intuition is indeed correct. Here we just want to notice that a 
possible potential for A^ must be of the form: 

v{e) = ^jXe), (152) 

where f{6) is a periodic function of 6. Indeed, if V arises at the 1-loop level as the effect 
of non-local operators, it must be finite, since there are no local counterterms which 
could cancel possible divergences. Furthermore, it can depend on A^ only though the 
Wilson line W, which is a periodic function of 6. This implies the periodicity of /, and 
the fact that the overall dimension of V is set by the length L of the extra dimension. 
In other words, the potential for A^ is a finite- volume effect, very much similarly to 
the Casimir effect. 

Thus, A5 is massless at the tree level and acquires a finite {i.e. non-divergent) 
mass radiatively. This should sound familiar to the reader as the usual situation for a 
pseudo-NG boson. Indeed, A^ is a pseudo Nambu-Goldstone boson of the 5D theory. 



^^Notice, on the other hand, that in six dimensions a quartic couphng for A^ and Aq arises from 
the non-abehan structure of the kinetic term. For an example of a 6-dimensional theory exploiting 



this tree-level potential see 67 and references therein. 
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The easiest way to show it is by adopting the point of view of a 4- dimensional observer 
located on one of the two boundaries of the extra dimension, for example at x^ = 0. 
From her/his local perspective, the values of the bulk fields at the x^ = boundary, 
^o{x) = ^{x,x^ = 0), as well as possible additional localized fields, act like a 4D 
sector with local invariance T-Lq. The dynamics associated with the degrees of freedom 
living in the bulk and at x^ = L, on the other hand, is interpreted as a 4D strongly 
interacting sector with a global invariance Q broken down to Tii. As we now want to 
show, this breaking is spontaneous rather than explicit, and the associated NG bosons 
are the zero modes of A^. The operative definition of the strong sector is through 
the 5D functional integral, which can be performed in two steps: In the first step one 
integrates over the bulk fields $(x, x^) while keeping their value at x^ = fixed: 



^$0 e'^"[*o] f d<l> e*^[*l (153) 

■/<J>n 



= / d^o g«5'o[*o]+iS'e//[*o] 



This is equivalent to integrating out the degrees of freedom in the bulk and at the 
x^ = L boundary, and defines a 4-dimensional effective action. 






(154) 



which encodes their dynamics. In eq.(153) we have singled out possible terms in the 
action localized at x^ = 0, 

5o[$] = fd^x5{x^)Co, (155) 

which thus depend only on $o. As a second step, one integrates over all values of $oO 
This defines a correspondence, or rather a 'holographic dictionary', which allows 
one to translate the 5D theory into a 4-dimensional one defined in terms of an 'elemen- 
tary' weakly-interacting sector (the boundary degrees of freedom at x^ = 0) coupled 
to a strongly-interacting one (the dynamics of the bulk and of the x^ = L boundary), 
see Fig. [ISJ In this perspective, the Kaluza Klein modes of the 5D theory must be 
interpreted as the mass eigenstates resulting from the admixture of the massive res- 
onances of the strong sector with the fields of the elementary sector. This is in fact 



in complete analogy with the discussion on partial compositeness of section |3.3[ The 
above holographic description is clearly inspired by the notorious AdS/CFT correspon- 
dence GOfTO 72 , but it does not mean to be an exact duality. Rather, it is a way to 



^^At this level one can make use of Lagrange multipliers to ensure that bulk fields with Dirichlet 
boundary conditions at x^ = vanish, see for example ref. 68 . 
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Figure 15: The holographic dictionary. 



define the 4D strong dynamics. Still, such 4D description of the 5D theory turns to be 
extremely useful in order to get a quick qualitative understanding of its physics and 
to devise models. At the same time, it indicates a different procedure, alternative to a 
Kaluza-Klein reduction, to extract the 4D low-energy theory starting from the full 5D 



one (see for example 70-74, 68,75 and the reviews [4pJ). 



To prove that the strong dynamics, as defined above via the holographic dictionary. 

Let 



has a global symmetry G spontaneously broken to "Hi, one can argue as follows, 
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us consider first the case in which "Hq is a subgroup of "Hi, so that there is a zero mode 



of A^ for each of the Q /1-ii generators, see eq.(145). As shown above, it is always 
possible to choose an axial gauge where A^ does not depend on x^, so that only its 
zero modes are non vanishing. Then, saying that the strong dynamics has a global 
symmetry Q means that if we rotate the boundary fields $o by a global transformation 
(7 G ^, we expect Seff[^o] to be invariant: 



See for example Refs. 43|75|4 



(156) 
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In this sense, rotating the external fields $o coupled to the strong sector is a way to 
probe its global symmetries. Intuitively, we expect S'e//[$o] to be at least invariant 
under global T^i transformations, since the degrees of freedom in the bulk and on the 
x^ = L boundary certainly respect this symmetry. In fact, S'e//[$o] is invariant under 
local Til transformations. 



$0 -^ h{x)<^(i 



S,ff[h{x)%] = 5e//[$c 



heKi, 



(157) 



since even after choosing the axial gauge, the action in the bulk and at x^ = L is 
invariant under 5D gauge transformations that do not depend on x^. The boundary 
conditions at x^ = L imply that such x^-independent transformations must belong 
to Hi. 

Starting from the axial gauge, one can further perform a field redefinition of the 
form 



Am ^ A' = nAu^^ - indu^^ 



(158) 



'■M 



with 



n{x, x^) = exp {i{x^ - L)A5{x)] 



(159) 

This sets A^ to zero everywhere in the extra dimension {A'^ = 0) except at x^ = 
0. Notice indeed that eq.(158) is almost a gauge transformation: it would be so if 
its exponent vanished at x^ = 0, as required for the parameter of a genuine gauge 
transformation along the G/Hi direction. This means that away from x^ = the 



redefinition (158) acts like a real gauge transformation and leaves the action in the 
bulk and a.t x^ = L invariant. Its only additional effect is that of changing all the 
boundary conditions at x^ = by an As-dependent factor. 



$ 



o[x, 



-)■ $o(x) = fi(x,x^ = 0)$o(a;) = e" 



(-)$,( 



X) 



(160) 



where exp{i6{x)) is the Wilson line from x = to x = L defined by eqs.(149) and 



(150). This shows that the theory with A^ and boundary conditions $0 is equivalent 
to a theory with vanishing A^ and boundary conditions $0 = e~*^*^^''<l'o- 



The invariance under a global Q rotation, eq.(156), then follows for exp(i^(x)) 



transforming according to the usual transformation rule of a NG field 76 



,ie(x)^^gie{x)^t(^(a;)^^)^eie'(x) 



(161) 



where h{6{x),g) is an element of "Hi. Indeed, from eqs.(161) and (160) one has that 
$Q — )■ h{6,g)^Q, and from the invariance of the effective action under local "Hi trans- 
formations, eq.(157), one deduces the invariance under global Q transformations. This 



proves that the global symmetry Q of the strong sector is non-linearly realized, and 
that the zero modes of A^ are the associated NG bosons. In the general case in which 
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the local invariance of the x^ = boundary, T-Lq, is not a subgroup of Tii, part of the 
NG bosons are eaten to give mass to the corresponding elementary gauge fields. The 
uneaten NG bosons are exactly dim{Q /Tii) — dim.iTio/'H), and correspond to the zero 



modes of A^, see eq.(145) 



At this point it should be clear that the same pattern of global and local symmetries 
realized in 4-dimensional composite Higgs models can be obtained in a 5D gauge theory 
on the interval. For example, the SO{5)/SO{4:) model discussed in the previous section 
can be obtained from a 5D theory with bulk gauge symmetry Q = S0{5) x U{l)x 
reduced to "Ho = SU{2)l x U{1)y at x^ = and to T^i = ^0(4) x U{l)x at x^ = L: 

SO{5) X U(l)x 



SU(2)l X f/(l)y 50(4) X U(l)x 

The spectrum of zero-modes consists of the gauge fields of SU{2)l x f/(l)y , A^, and four 
massless scalars A'^ transforming as a 4 of SO {A) or, equivalently, as a complex doublet 
of SU{2)l- In addition to these, there is a tower of massive spin-1 states transforming 
as adjoints of 5*0(5). Comparing with the 5*0(5) composite Higgs theory discussed in 
the previous section, it is clear that the A'^'s play the role of the SM gauge fields, while 
the massive KK vectors correspond to the spin-1 resonances of the strong sector. From 
the viewpoint of an observer on the x^ = boundary, the dynamics of the bulk and 
of the boundary at x^ = L act like a strongly-interacting sector with global invariance 
50(5) X U{l)x — !■ 50(4) X U{l)x- The associated NG bosons, our holographic Higgs, 
are the zero modes of A^ (34||43]. As a consequence, 5e// has the same structure and 



the same global symmetry of the effective action (48) obtained in the previous section 
by integrating out the strong dynamics. By perturbatively solving the 5D theory one 
can thus compute the analog of the form factors which were previously introduced to 
encode the 4D strong dynamics. The 5D theory, in other words, provides a calculable 
model for the 4D strong dynamics. 

It has to be remarked that the above distinction between a strongly coupled sector 
(corresponding to the dynamics in the bulk and at x^ = L) and the 'elementary' sector 
living at x^ = truly makes sense only if the latter is weakly coupled (within itself 
and to the strong sector). In the case of a 5D theory on a flat extra dimension this 
can be ensured by introducing large kinetic terms for the fields at x^ = 0, as part of 



So 74 . In this way the two boundaries are treated differently, and the equivalence 
between observers at x^ = and x^ = L is lost. Remarkably, 5D theories defined on 
a warped extra dimension [77] automatically satisfy the above requirement, provided 
the elementary sector is identified with the degrees of freedom living on the so-called 
UV brane. Most importantly, in that case the theory can be extrapolated up to the 
Planck scale, and the Planck-electroweak hierarchy is generated by the 5-dimensional 
geometry. 
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Figure 16: 1-loop contribution to the effective potential of A5 from the KK modes of a 
bulk fermion. 



If one is interested in observables saturated in the infrared, on the other hand, the 
exact ultraviolet completion of the theory is not important. The effective potential 
of the holographic Higgs, as we discussed above, is one of these calculable quantities 
independent of the UV physics. For its calculation we can thus consider a flat extra 
dimension with no loss of generality. 

4.2 Effective Potential of the Holographic Higgs 

A straightforward way to compute the potential for A^, our holographic Higgs from 
the 5D theory, is that of performing a Kaluza-Klein decomposition of the bulk fields 
and resumming the series of 1-loop diagrams induced by the virtual exchange of the 
KK modes. 



For example. Figure 16 shows the diagrams corresponding to the 1-loop 
contribution of a bulk fermion. As a consequence of locality and 5D gauge invariance, 
we expect the final result to be finite, although the contribution of single modes is 
divergent. 
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There is another way to proceed, however, which is more natural from the holo- 
graphic point of view: one can first derive the effective holographic action S'e//[$o] at 
x^ = in the background of A^. Using that action one then computes the contribution 
to the potential of A^ that comes from loops of the elementary fields $o- This way to 
proceed is equivalent to the calculation in the Kaluza-Klein basis, since we know that 
the potential is a non-local finite- volume effect, which means that any 5D loop has to 
stretch from one boundary to the other in order to give a non- vanishing contribution: 

^'''Obviously, for the cancellation to happen properly it is crucial to choose a regulator that respects 
the 5D gauge invariance. See for example [781 and references therein. 
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This is again simply understood from the holographic viewpoint, where the boundary 
at x^ = is interpreted as the source of the explicit breaking of the global symmetry 
Q, while the symmetry reduction Q — )■ "Hi at x^ = L corresponds to a spontaneous 
breaking. The above argument thus shows that any loop contributing to the potential 
of A^ must involve the virtual propagation of the boundary degrees of freedom $0^ 



$f 





This means that one can perform the calculation by first deriving the effective action 
for the $o's, and then use that to make 4-dimensional loops. In full analogy with 
the 4D composite Higgs model of the previous section, the finiteness of the result is 
ensured in this case by the momentum dependence of the form factors that describe 
the interactions of the holographic Higgs with the boundary fields. In this sense, even 
in this case we can speak of the Higgs as a composite particle. 

A crucial simplification in the explicit computation of the boundary action comes 
from performing the field redefinition (158), which moves the dependence upon A^ 
to the fields' boundary conditions at x^ = 0. This means that we can derive the 
holographic action at x^ = simply by setting Ar, = when solving the equations of 



motions in the bulk, and using the new boundary conditions $q = e' 



-«^(^)(|)q. 



All the above considerations can be more concretely illustrated by means of an 
explicit example. We will consider a simplified abelian theory with an 5*0(2) bulk gauge 
invariance fully broken on the boundaries. We introduce one bulk fermion transforming 
as a doublet of 50(2). The fields' boundary conditions are thus as follows: 



(162) 



[A^{-,-) A,{+, 


+)], 






and the 5D action reads: 




S = fd^x f dx^ 


\ ^ F' 


+ 


9'^ 



(163) 



For later convenience, and in analogy with the gauge field, we have introduced a pa- 
rameter (yfijr with dimensions of mass~^'^, so that the dimension of the fermion field ^ is 
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3/2 as in 4 dimensions. The value of Qi^, can be for example chosen so as to canonically 
normalize the kinetic term of the holographic fermion. We will see that, in absence of 
localized kinetic terms for \&, g^i, does not enter the expression of the potential. 

As a first step to compute the potential of A^ we need to derive the boundary 
action at x^ = 0. As already stressed, in the case of a fermion field the bulk equations 
of motion connect its chiral components "^l and \E'ij, and one cannot fix simultaneously 
the value of both at x^ = 0. We will thus fix that of "^l, 



^l{x,x' = 0) = ^1, (164) 

and let "^r be free to vary. At x^ = L we instead impose the boundary conditions 



specified by eq.(162): 



^W(a;,a;^ = L) =0, 



¥^\x,x^ 



L) = 



(165) 



A consequence of demanding a fixed (non-zero) boundary value \t'° is that the variation 
of the action does not vanish anymore at x^ = (see eq.(136)): 



5S 



(f'x I dx^ 5{x^ 





[^IS-^R + 5^>Rml] . 



(166) 



We can however solve this problem by introducing an extra boundary action of the 
form 



'^Qiii J Jo 



(167) 



so that the variation of the total action is zero: 6S + SSq = 68 



At this point we are ready to solve the bulk equations of motions and derive the 
boundary action for \Ef5,- Let us work in mixed momentum-coordinate space and look 
for a solution of the system of equations 



of the form 



We require 



-J^^L + (55-m)*fi = 

^lAP,^^) = fLAP,^^)'^L,R{p) ■ 



(168) 



(169) 

(170) 



(85 - m) fR{p, x^) =apfLip,x^) 

-d5-m)fR{p,x^) = l3pfR{p,x^), 

where a and /3 are numerical coefficients. If these conditions are satisfied, the Dirac 
equations become 

-^'^r{p) = Pp'^iip) 
-|^^l(p) = ap^ij(p). 



(171) 
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thus requiring a = 1//3 for consistency. Without loss of generahty we can choose 
a = 1 = (3, so that 

^^R{p)=p^Lip)- (172) 



Using \1/L^ij(p) = '^LRip)/fL,R{p,x^ = 0), which follows from eq.(169) upon defining 
^Lij(p) = "^lAp^^^ = 0). we finally get 



where fi r satisfy 






(_52 ^ ^2) f^^^^p^ ^5) ^ p2 ^^^^(^^ ^5) _ 



(173) 



(174) 



Depending on whether \I/l (hence fi) satisfies Neumann or Dirichlet boundary condi- 
tions at x^ = L, there are two possible solutions to the above equations (respectively 
dubbed as L. and L): 



fRiP,X^] 

hip^x^] 



' L 

tu cos [uj{x^ — L)] — m sin ^uj{x^ — L 



= sin \uj[x 
1 
P 



(175) 



fdp.x^) =sin[w(x^-L)] 
1 



fniP^x 



P 



cos \ijj{x^ — L)] + m sin ^u{x^ — L 



(176) 



where we have defined to = -y/p^ — m^. Evaluating the 5D action on the above solutions 
leads to the boundary action. Since the 5D part of the action vanishes once evaluated on 
the equations of motions, the only contribution to S'e//(\1'°) comes from the boundary 
term 5*0. It is useful to define 



S(+)(p) 



s(-)(p) 



^ fl^+\p,x^ = 0) ^ _ 1 1 

pL f'-~^(p^x^ = 0) L m + ojcot{ojL) 

1 jf\p,x^ = 0) _ 1 
P^ft\p,x^ = 0) P'^L 



(^u cot{ijjL) — rnj 



(177) 



where the superscripts (+), (— ) refer on whether the corresponding left-handed field 
satisfies Neumann or Dirichlet conditions at x^ = L. From eqs.( 169[l73[l75[l76 ) and 
eq.(165) one then obtains the following boundary action: 



9% 



jd^x (^°« ^T^) i>K{p) {<^ 



0(1)^ 
^(2) 



(178) 
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Kip) 



(179) 



where 

S(+)(p) 

s(-)(p) 

Until this point we have proceeded as if A^ was vanishing. To reintroduce its 
dependence back into the action we just have to adopt the following new boundary 
conditions at x^ = L: 

■^l^'^ -^ [exp{-ie{x))f ^°^^'^ . (180) 



According to its definition (150), the expression of the Wilson line, in the case of our 
SO (2) model, is 



-ie(x) 



-iAh(x)/f 



cos(V/) sin(V/)\ , 

-sin(V/) cos{h/f)J ' 



-1 

+ 1 



:i8ii 



where A is the generator of 5*0(2) rotations, and we have knowingly defined 

|(0) 



h{x)^A'^>{x), f 



g^y/L 



:i82) 



After performing the redefinition of eq.(180), one obtains a boundary action of the 



same form of eq.(178), but where now (AS(p) = Tj^^\p) — S*^ ■*(p)) 
K{p) 



S(+) - sin2(/i//) AS sin(V/) cos{h/f) AS 
sm{h/f) cos{h/f) AS S(-) + sm\h/f) AS 



(183) 



0(2) 



The last step before obtaining the final expression of Seff is setting \E'^ = . This 



(2) 



is required to reproduce the Dirichlet condition of \1')^ at a; = in eq.(162), since 



5D fields which vanish on the holographic boundary do not have any corresponding 
elementary field. In other words, the 4D elementary se ctor consis ts of one single left- 



handed field, 
to zero: 



^ 



0(1) 



Its effective action is given by eqs.(178) and (183) with \E'^ set 



,0(2) 



s. 



eff 



9% 



d'x ^?(^) 



sW(p) - (sW(p) - S(-)(p)) sin' 



^ 



0(1) 



(184) 



It closely resembles the expression of the effective action of the composite Higgs, 



eq.(119), and in fact it is has exactly the form that one would have obtained, fol- 



lowing the procedure of section [3} in the case of a composite Higgs theory where the 
strong dynamics has an S0{2) global symmetry fully broken down in the infrared, and 
an elementary sector consisting of one left-handed fermion. 

It is at this point clear that h (hence A^) can be fully considered as a composite 
scalar from the point of view of a low-energy 4D observer. Compositeness, indeed, is 
experienced (and can be thus defined) as a non-trivial dependence of the couplings on 
the 4D momentum. In the case of the holographic scalar h, such momentum dependence 
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is a consequence of the S-dimensional profile of the corresponding bulk field. Also, h 
is truly a NG boson with decay constant /, as the periodic dependence of Seff upon 
h/f testifies. Its Coleman- Weinberg potential can be easily derived starting from the 



effective action ( |184[ ): the series of 1-loop diagrams to resum is of the form showed 

After rotating to Euclidean momenta, Q^ 



in the upper row of Fig. [12 
obtains: 

V{h) = - 



(2vr)4 



log 



s(+)(g)-s(-)(Q) . ,h 



sm 



— p , one 



(185) 



s(+)(g) "'" /_ 

Similarly to the case of 4D composite Higgs theories, the convergence of the integral is 
related to the behavior of the form factor (S^^^ — E*^"^) at large virtual momenta. In 
the Euclidean one has 



s(+)(g)-s(-)(g) 
s(+)(g) 



1 



1 
0" 



((X'|;Coth^(u;£;L) 



r/i^) 



(186) 



where ue = \[Q^'^rrr^ . At large momenta, QL,Q/m ^ 1, one has 

sw(g)-s(-)(g) 



s(+)(g) 



m 



-4 ( 1 + — 1 e-2«^ + ■ ■ ■ 



(187) 



This means that the 5D bulk dynamics leads to an exponential convergence of the 
integral. According to the discussion at the end of section |3.1[ this is equivalent to 



saying, in the 4D language, that the operator responsible for the symmetry breaking in 
the infrared {i.e. the order parameter of the spontaneous breaking) has infinite dimen- 
sion. A good approximation of the potential thus comes by expanding the logarithm 
at leading order, so that: 



V{h) 
f{m) 






dyE y% [coth^iyE) - l) 



For example /(O) = 3C(3)/2 ~ 1.8. 

All the above results and considerations clarify the meaning and the utility of the 
holographic description of the 5D theory. We have already said that, by virtue of 
the holographic interpretation, the 5D theory gives a model for the strong dynamics 
of composite Higgs theories. Here we want to stress that such model of the strong 
dynamics is especially interesting because it admits a perturbative expansion, thus 
allowing one to compute a large class of infrared-saturated quantities. Calculability in 
the 5D theory requires that the 5D expansion parameter be small 



167r2 



<1, 
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The corresponding perturbative parameter in the 4D picture is the number of 'colors' 
of the strong sector, which can thus be defined as: 

- = ^ . (189) 

N 167r2 ^ ' 

This is completely consistent with the NDA expectation 

N p 



where now / is defined by eq.(182), and nip ~ \/L sets the scale of the lightest 



resonances of the strong sector, whose spectrum is given by the poles of K{p) in 



eq.(183), see for example 68 . As already mentioned, the KK modes are to be identified 



with the mass eigenstates obtained from the mixing of elementary and composite states 



{rriKK ~ fnp ~ 1/-^)- They are thus partial composites in the sense of section 3.3 



5 Epilogue 

In these lectures I tried to give an overview of the basic mechanisms behind the idea of 
composite Higgs and of the central qualitative features a model have to incorporate to 
be compatible with the present experimental data. Mastering the general mechanisms 
should make the reader well equipped to go through the vast literature on the subject 
and build her/his own model. Several realistic constructions have been proposed so far 
whose phenomenological implications will soon be tested at the LHC These include 
5*0(5) 'minimal' models in 5D warped f34l|35|44 , 79 , 80pT and flat [82] spacetimes, as 



well as modern 4D composite Higgs models 183J. Although I cannot discuss the detailed 
predictions of each of these models, I would like to conclude by spending a few words 
on some general aspects of the phenomenology of a composite Higgs at present and 
future colliders. (Ref.[84) is an excellent place to start to learn more on this subject, 
see also (85p2 ]. ^ 



If a light Higgs boson is discovered at the LHC or at Tevatron, the most important 
questions to address will be: what is its role in the mechanism of electroweak symmetry 
breaking ? Is it an elementary or a composite scalar ? Crucial evidence will come from 



a precise measurement of the parameters a, b, c in the effective Lagrangian (16): any 
deviation from the unitary point a = b = c = 1 will be the sign of a departure from 
the simple SM description and will give hints on the nature of the symmetry breaking 
dynamics. A first determination of a and c will come from the measurement of the 
couplings of the Higgs to the SM fermions and vectors. This requires disentangling 
possible modifications of both the Higgs production cross sections and decay rates. 
Preliminary studies have shown that the LHC should be eventually able to extract 



the individual Higgs couplings with a ~ 10 — 20% precision 86 , though much will 
depend on the value of its mass. This would imply a sensitivity on (1 — a^) up to 
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0.1 — 0.2 [84]. While the determination of the Higgs couphngs will give a first hint on 
its nature, a more direct probe of the symmetry-breaking dynamics will come only from 
a precise study of the scattering processes that the exchange of the Higgs is assumed 
to unitarize. A smoking gun of the compositeness of the light Higgs would be finding 
an excess of events in VlVl — )■ VlVl at the LHC compared to the SM expectation. 



Another important though difficult process to monitor is V^Vl —^hh 12 . 

Determining a, b, c gives direct information on the symmetry breaking structure 
associated to the light composite Higgs. Indeed, while these three parameters are 
independent for a generic composite scalar, we have seen that they are related to each 
other in specific models where the Higgs is a pseudo Nambu-Goldstone boson. For 
instance, the SO{5)/SO{4:) coset implies a = y/1 — ^, 6 = 1 — 2^, while the value 
of c depends on how the composite operators coupled to the SM fermions transform 
under 50(5). We have seen that in the case of spinorial representations of 5*0(5) one 
has c = a/1 — ^. Different curves in the (a, b) plane are thus associated to different 



symmetry-breaking cosets. It has been also shown by the authors of Ref. 84 that if 
the light composite Higgs belongs to an SU{2)l doublet, regardless of whether it has a 
NG interpretation, the parameters a and b follow a universal trajectory in the vicinity 
of the unitary point {i.e. for small ^ = v"^ / p): a ~ 1 — ^/2, 6 ~ 1 — 2^. Any deviation 
from this curve would be the signal of a different origin for the light scalar h. It is 
possible, for example, that a light dilaton arises from the spontaneous breaking of the 



scale invariance of the strong sector 87 . In that case conformal invariance requires 
a^ = b = c^, with the Lagrangian (16) exactly truncated at quadratic order in h. For 
this choice one can define the dilaton decay constant by v/a = fn, and the dilaton 
field as exp{(j){x)/fD) = 1 + h{x)/ fn- 

Along with the study of the phenomenology of a light composite Higgs, crucial 
information on the symmetry breaking dynamics will come from the production of res- 
onances of the strong sector, in particular the fermionic resonances coupled to the top 
quark. Extracting their masses and couplings by measuring their production cross sec- 
tion and decay fractions will give the unique opportunity to understand the mechanism 
by which the Higgs is light and identify the global symmetries of the strong dynamics. 
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Appendix 

We collect here some useful group theory results and formulas. 

The isomorphism between 5*0(4) and SU{2)l x SU{2)r mentioned at the beginning 
of section 3J^ can be shown by associating to any 4-dimensional vector v"" a matrix 
V = (T°-v"' {a"' = {a, —il), with a = 1,2,3,4). The group 5*0(4) acts on the vector v 
as a rotation, preserving its norm: 



SO (4) : 



v^ -^ S^^v^ , 



\v\ = constant . 



(190) 



The action of SU{2)l x SU(2)ii can then be defined on the matrix V as the left 
multiplication by L G SU{2)l and right multiplication by i? G SU{2)r, so that the 
determinant of V is unchanged: 



SU{2)l X 5f/(2)^ : V ^LVR^ 



det(F) 



constant 



:i9i) 



Then, for each 50(4) matrix 5 there are two SU{2)l x 5f/(2)ij transformations that 
act in the same way on V, 

S-,{(L,R), i-L,~R)}, (192) 

and that differ by a sign. At the level of group elements such correspondence implies 
the following exact equivalence: 

SU{2)l X SU{2)r 



SO (A) 



(193) 



A suitable basis of 5*0(5) generators for the fundamental representation is the 
following 



t: 






rpa 

''~ V2 



[bib] - 6l6f) , 



(194) 



where i,j = l,...,5 and T°-l,r (^ql^r = 1, 2, 3) are the generators of 5*0(4) ~ SU{2)l x 
SU{2)r. The spinorial representation of S0(5) can be defined in terms of the Gamma 
matrices 



"pa 



a" 
a^^ 



as 



'TO.L,R 



SO that 



rpaj^ 



2^2 

ct" 0' 




1 
-1 

a -p4i 



cr^ = {a,-a} 



e''''"[r,r]±[r,r 



J'O-R 




ct'^ 



rpQ 



rjia 



a -pSi 



4^2 



[r^r 



2^2 



a" 



(195) 
(196) 

(197) 
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